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Chapter One 

Sequence:- 

A sequence is a function whose domain is the set of positive integer 

1,2,3,… . We denote the sequence by < 𝑓(𝑛) >) . Where 𝑓(𝑛) is the 

function at valued 𝑛. 

The sequence 𝑓 is the set {(𝑛, 𝑓(𝑛)); 𝑛 ∈ 𝑁}. That is ,the set of all pairs 

(𝑛, 𝑓(𝑛)), with 𝑛 appositive integer. We also write 𝑎𝑛 to denote the 

sequence whose ordinate at 𝑦 = 𝑎𝑛 . 

Examples:- 

 
• < 1 > = 1 , 1 , 1 , … … 

2𝑛 2  4  6 

 
The set { (𝑛, 1 ) , 𝑛 = 1, 2, 3, … . . } is a sequence whose value at 𝑛 is 1 . 

2𝑛 

 
• < 1 > = 1 , 1 , 1 , … … 

2𝑛 

𝑛+1 2  3  4 

 
The set { (𝑛,  1 ) , 𝑛 = 1, 2, 3, … . . } is a sequence whose value at 𝑛 is 1 . 

𝑛+1 

 

• < 1 > = 1, 1, 1, … … .. 

 
The set { (𝑛, 1) , 𝑛 = 1, 2, 3, … . . } is a sequence whose value at 𝑛 is 1. 

 

Finite sequence :- 

 
The sequence < 𝑓(𝑛) > is said to be finite if there exist two 

numbers 𝑎 and 𝑏 such that 𝑎 ≤ 𝑓(𝑛) ≤ 𝑏 𝑜𝑟 𝑎 < 𝑓(𝑛) ≤ 𝑏 𝑜𝑟 𝑎 ≤ 

𝑓(𝑛) < 𝑏 𝑜𝑟 𝑎 < 𝑓(𝑛) < 𝑏 . 

 

Note:- every finite sequence is bounded. 

𝑛+1 



Infinite sequence:- 

 
The sequence < 𝑓(𝑛) > is said to be infinite if both 𝑎 and 𝑏 or one 

of them equal to ±∞ . 

Note:- every infinite sequence is unbounded. 

 

Convergent Sequence:- 

 
A sequence is said to be convergent if it approaches some limit . 

 

Formally, a sequence 𝑆𝑛 converges to the limit 𝐿 . A divergent sequence 

doesn’t have a limit. lim𝑛→∞ 𝑆𝑛 = 𝐿 

Discuss the following sequences:- 

 
• < 𝟏 > = {1 , 1 , 1 , … … } . 𝑛 ∈ 𝑁 

𝟐𝒏 2  4  6 

 
The set { (1, 1 ), (2, 1), (3, 1), … . . } is a finite and bounded sequence when 

2 4 6 

𝑛 → ∞, 

lim  
1 

= 0 
 

𝑛→∞ 2𝑛 
 

< 
1 

2𝑛 
>→ 0 the sequence converge to zero. 

0 < 
1 

≤ 
1

 
2𝑛 2 

 
• < 𝟏 > = {1 , 1 , 1 , … … }. 𝑛 ∈ 𝑁 

𝒏+𝟏 2  3  4 

 
The set { (1, 1 ), (2, 1), (3, 1), … . . } is a finite and bounded sequence when 

2 3 4 

𝑛 → ∞, 



lim 
1 

= lim 
1 
𝑛 = 

0 
= 0 

 
 

𝑛→∞ 𝑛 + 1 𝑛→∞ 𝑛 
+ 

1 1 + 0 
𝑛 𝑛 

 

< 
1 

𝑛+1 
>→ 0 the sequence is converge to zero. 

0 < 
1 

≤ 
1

 
𝑛 + 1 2 

• < 𝟏 > = {1, 1, 1, .............}. 

 

The set { (1,1 ), (2,1), (3,1), … . . } is a finite and bounded sequence when 

𝑛 → ∞, 

 
lim 1 = 1 

𝑛→∞ 

 

< 1 >→ 1 the sequence is converge to 1. 

 

 
• < 𝟐𝒏+𝟏 > = �3 , 5 , 7 , … … … � . 𝑛 ∈ 𝑁 

𝟐𝒏 2  4  6 

 
The set { (1, 3 ), (2, 5), (3, 7), … . . } is a finite and bounded sequence 

2 4 6 

since when 𝑛 → ∞, there are two Solutions for this sequence:- 
 

First solution:- 

 2𝑛 + 1 

 

 
2𝑛 

+ 
1 

 

 
2 + 

1
 

 

 2 + 0 
lim = lim 𝑛 𝑛 2𝑛 = lim  𝑛 = = 1 

𝑛→∞ 2𝑛 𝑛→∞ 

𝑛 

 

𝑛→∞ 2 2 

 

∴ < 
2𝑛 + 1 

>→ 1 
2𝑛 

Second solution:- 

lim 
2𝑛 + 1 

= lim 
2𝑛 

+ 
1

 

 
 
 
 

 

= lim 1 + 
1

 

 
 
 
 
 

 
= 1 + 0 = 1 

𝑛→∞ 2𝑛 
 

𝑛→∞ 2𝑛 
 

2𝑛 𝑛→∞ 
 

2𝑛 



∴ < 
2𝑛 + 1 

>→ 1 
2𝑛 

The sequence is converge to 1. 

 

1 < 
2𝑛 + 1 

≤ 
3 

  

2𝑛 2 

• < 𝒏 > = {1, 2, 3, … … }. 𝑛 ∈ 𝑁 

 
The set { (1,1 ), (2,2), (3,3), … . . } is a infinite and unbounded sequence 

when 𝑛 → ∞, < 𝑛 >→ ∞. The sequence is diverged. 

Note:- Those sequences are also infinite, unbounded and diverge 

< √𝒏 >, < 𝟓𝒏𝟐 >, < 𝒏
𝟑 

>, < 𝒏
𝟔 

> And so on. Have a same solve like 

 

< 𝒏 > . 

  

𝟔 𝒏𝟑 

 
Example:- Find the Domains for the following sequences 

 
• < 𝟏 > 

𝒏−𝟏 

 

𝑛 − 1 = 0 

 
𝑛 = 1 

 
𝑛 ∈ 𝑁/{1} 

 
Or 𝑛 = {2, 3, 4, … . }. 

 

 

 

• < √𝒏 − 𝟒 > 

𝑛 − 4 ≥ 0 

 
𝑛 ≥ 4 

 
𝑛 ∈ 𝑁/{1, 2, 3} 



𝟐 

Or 𝑛 = {4, 𝘵, 6, … . }. 

 
• < 𝟏 > 

√𝒏+𝟒 

𝑛 ∈ 𝑁 since 𝑛 + 4 > 0 → 𝑛 > −4 

 
• < 𝟏 > 

√𝒏−𝟑 

 

𝑛 − 3 > 0 

 
𝑛 > 3 

 
𝑛 ∈ 𝑁/{1, 2, 3} 

 
Or 𝑛 = {4, 𝘵, 6, … . }. 

 
• < 𝟏 > 

√𝟑−𝒏 

 

3 − 𝑛 > 0 

 
3 > 𝑛 

 
𝑛 = {1, 2}. 

 

∴ < 1 
√3−𝑛 

> Is finite sequence having two limits. 

 
 

• < √𝟕 − 𝒏 > How ? 

 

 

Are the sequences converging or diverge? 

 

1. < 𝒏−𝟐 > 
𝒏 +𝟏 

Solution:- 



𝑛 − 2  𝑛  
− 

 2  1 
− 

 2  0 − 0 
lim = lim 𝑛

2 𝑛2 
= lim 𝑛 𝑛2 

= = 0 
 

 

𝑛→∞ 𝑛2 + 1 𝑛→∞ 𝑛2 
+ 

 1  𝑛→∞ 1 + 
 1  

 
 

1 + 0 

 

∴ < 
𝑛 − 2 

𝑛2 + 1 

 

 
>→ 0 

 
 

𝑛2 𝑛2 𝑛2 

 

2. < 𝒏
𝟑+𝟏 

> 
𝒏−𝟐 

 3 

 
 
 
 

 
𝑛3

+
 1  

 
 
 
 

 

1+
 1  

 
 Sol.:- lim 𝑛 +1 = lim 𝑛3 𝑛3 = lim 𝑛3 = 

1+0 
= 

1 
= ∞

 
𝑛→∞ 𝑛−2 𝑛→∞ 

 𝑛 
−

 2  
𝑛→∞ 

 1 
−

 2  
  

0−0 0 
𝑛3  𝑛3 𝑛2  𝑛3 

∴ < 𝑛
3+1 

> The sequence is diverge. 
𝑛−2 

 

3. < (−𝟏)𝒏 >, 𝑛 ∈ 𝑁 

 
Sol.:- < (−1)𝑛 > = {−1, 1, −1, 1, … } 

 

< (−1)𝑛 > = �
−1 𝑛 odd

� 
1  𝑛 even 

 

< (−1)𝑛 > = 
(1, −1), (3, −1), (𝘵, −1), … 𝑛 odd 
� 

(2,1), (4,1), (6,1), … 𝑛 even 
�

 

 
−1 ≤ (−1)𝑛 ≤ 1 

 
∴ < (−1)𝑛 > Is bounded. 

 

But lim (−1)𝑛 = �
−1 𝑛 → ∞ odd

� 
𝑛→∞ 1 𝑛 → ∞ even 

∴ < (−1)𝑛 > Is diverge because it has two limits. 

 

Discuss the following sequences? (Homework) 

4. < (−𝟏)𝒏+𝟏 > 

5. < (−𝟏)𝒏−𝟏 > 

6. < 𝟏 − (−𝟏)𝒏 > 



𝟑 

𝒏𝟐 

𝟏 

(−𝟏)𝒏 

8. < 𝒏 − (−𝟏)𝒏 > 

𝒏 

(−𝟏)𝒏 

10. < (−𝟏)
𝒏 

> 
𝒏 

11. << 𝟓𝒏 + 𝟒 > 

12. < 𝟒 > 
𝟑𝒏 

 

13. < 𝟓√𝒏 > 

14. <  𝒏
𝟐  

> 
𝒏 +𝟑 

Find the values of 𝒂𝟏, 𝒂𝟐, 𝒂𝟑 𝐚𝐧𝐝 𝒂𝟒 for the following sequence 

< 𝒂𝒏 >, were given 𝒂𝒏 term ? 

 

1. 𝒂𝒏 = 𝟏−𝒏 

 

𝑎  = 
1 − 1 0 

1 
12 = 

1 
= 0 

𝑎 = 
1 − 2 

= 
−1 

2 22 4 

𝑎 = 
1 − 3 

= 
−2 

3 32 9 

𝑎 = 
1 − 4 

= 
−3 

4 42 16 
 

2.  𝒂𝒏 
(−𝟏)𝒏+𝟏 

 
 

𝟐𝒏−𝟏 

(−1)1+1 (−1)2 1 
𝑎1 = 

21−1 = 20 = 
1 

= 1 

 

 
𝑎2 = 

(−1)2+1 

22−1 = 

(−1)3 −1 

2 
=  

2 

7. < 

9. < 

= 

> 

> 



𝒏 

(−1)3+1 (−1)4 1 
𝑎2 = 

23−1 = 22 
= 

4 
 

 
𝑎4 = 

(−1)4+1 

24−1 = 

(−1)5 −1 

23 
=  

8 
 

3.  𝒂𝒏 = 
(−𝟏)𝒏+𝟏 

𝟐𝒏−𝟏 
Homework? 

4. 𝒂𝒏 = (𝒏+𝟏)(𝟏 − 𝟏) Homework? 
𝟐𝒏 𝒏 

Are the following sequence converge or diverge find the limited of 

each convergent sequence? 

1. 𝒂𝒏 = 𝟐 + (𝟎. 𝟏)𝒏 

 
𝑛 = 1, 2, 3, …. 

 
𝑎1 = 2.1 , 𝑎2 = 2.01 , 𝑎2 = 2.001, …. 

 
𝑛 → ∞ , lim 𝑎𝑛 = li m(2 + (0.1)𝑛) 

𝑛→∞ 

 

= li m (2 + 
1 

) 
10𝑛 

𝑛→∞ 

𝑛→∞ 

 

= 2+ li m 1 
10 

𝑛→∞ 

 

∴ 𝑎𝑛 → 2 

 
= 2 + 0 = 2 

2 ≤ 𝑎𝑛 ≤ 2.1 

 
< 𝑎𝑛 > is bounded. 

 

2. 𝒂𝒏 = 𝟏 + (𝟎. 𝟏)𝒏? Homework 

 
Not :- All of these sequence are diverge:- < 𝒂 > = 𝒏 

𝟏𝟎 

 
 
 
 
 

 
, < 𝒂𝒏 > = 

(𝒏 − 𝟏)𝟐 and < 𝒂𝒏 > = (𝒏 + (−𝟏)𝒏) . 

𝑛 



𝒏 

when 𝒏 → ∞ the limit sequences 𝐥𝐢 𝐦 𝒂𝒏 = ∞ 
𝒏→∞ 

 

3. < 𝒂 > = 𝒄𝒐𝒔 𝒏 
𝒏 

−1 ≤ 𝑐𝑜𝑠 𝑛 ≤ 1 

 
−1 

≤ 
𝑐𝑜𝑠 𝑛 

≤ 
1 

   

𝑛 𝑛 𝑛 

 
But < −1 >→ 0 and < 1 >→ 0 

𝑛 𝑛 
 

∴< 
𝒄𝒐𝒔 𝒏 

>→ 0 
𝒏 

By theorem if 𝑎𝑛 ≤ 𝑏𝑛 ≤ 𝑐𝑛 ∀𝑛 𝑎𝑛𝑑 < 𝑎𝑛 >→ 𝐿 𝑎𝑛𝑑 < 𝑐𝑛 >→ 

𝐿 𝑡ℎ𝑒𝑛 < 𝑏𝑛 >→ 𝐿. 

 

But this sequence is diverge show that < 𝒂𝒏 > = 𝒏 + 𝒄𝒐𝒔 𝒏 ? 

(Homework). 

Mathematical Convergent for Sequence:- 

 
A sequence 𝑆𝑛 is said to be converge Mathematically for a real 

number 𝐿 if and only if for every positive real number (𝜖 > 0), there exist 

corresponding number (𝐾 ∈ 𝑁), such that : 

< 𝑆𝑛 >→ 𝐿 ↔ |𝑆𝑛 − 𝐿| < 𝜖 ∀𝑛 > 𝐾. 

 

 

 

Example:- prove that 

 
1. < 𝟏 >→ 𝟎 

𝒏 

 

Proof:- �1 − 0� < 𝜖 ∀𝑛 > 𝐾 
𝑛 



𝑛 

1 
|
𝑛

| < 𝜖 ∀𝑛 > 𝐾 

1 
< 𝜖 ∀𝑛 > 𝐾 

𝑛 
 

𝑛 > 
1

 
𝜖 

 
∴ 𝐾 = 1 . 

𝜖 

∀𝑛 > 𝐾 

 

2. < 𝟏 
𝟐 

>→ 𝟎 

 
Proof:- � 1  − 0� < 𝜖 ∀𝑛 > 𝐾 

2 
 

1 
|
2𝒏| < 𝜖 ∀𝑛 > 𝐾 

 

1 
 

 

2𝒏 
< 𝜖 ∀𝑛 > 𝐾 

 

2𝒏 > 
1

 
𝜖 

∀𝑛 > 𝐾 

ln 2𝒏 > ln 
1

 
𝜖 

𝑛 ln 2 > ln1 − ln 𝜖 
 

𝑛 > 
0 − ln 𝜖 

ln 2 

∴ 𝐾 = 
− ln 𝜖 

.
 

ln 2

𝒏 
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