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Examplel.59: Find the solution set for each of the following open
sentences:

1) let p(x)be “x+2>7"and A= N.Then T,=

(XEN:x+2>7)={xeN:x>5}={6,7, ...}
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2) Let q(x) be “x+5<3”and A=N.Then T;=
(xEN:x+5<3}={xeN:x<-2}=0

22050 3V Apapukall eyl b

3) Let p(x) be “x+5>1"and A= N.Then T,=
{XEN:x+5>1}={xEN:x>—4}=N

4 oy S Daghal) dlae Y als

Example1.60: (H. W.) Find the following solution sets. Also determine p(x)
and A for each solution set

1) sz{xEN:—2<x<2}={1}
n(x): —2<x<2 A=N
) T,={x€Z:—2<x<2} (HW,)

3) T,={x€Z:—1<x<1} (H.W.)
Example1.61: Assume we have the following statement:

Sy 2 and x<5”
Which values of x € N that make the statement true? Which values of x that
make the statement false? Discuss all the possible cases.
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Solution: For A = (3,4}, we have “x > 2 and x < 5" is true because
the values in A Pt
€51n A are greater than 2 and less than 5.

ror A= N —A={1,25,6,7,8, ...}, then “x>2 and x < 5" is false

Examplel.62: Assume we have the following statement:

“x<-=30rx=6"

Which values of x € N that make the statement true? Which values of x that

ﬂ

make the statement false?

ForA={x€N:x=6,7,.....},the statement above is true
The statement is false for A=N — A ={1,2,...,5}

<)y gad) Quantifiers

Quantifiers are open sentences written in a special way.
Apze A3y Hlay 43 980 da glie Jea (4 O ) sl
There are two types of quantifiers:
1. Universal quantifiers ) (S 8 gesall 5 Ll
2. Existential quantifiers Wi b guall bl
Universal quantifiers:

Let p(x) be an open sentence on a set A. The notation

“v x € A, p(x)”
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Denote the universal quantification S i s«d of p(x) and it reads as: “for all
x, p(x)” or “for every x, p(x)” or “for each x, p(x)".

The symbol V is called universal quantifier'\ o | ) g

The set A is called domain Jiaall

Examplel.63:VxeEN, x>0

All seasons in Iraq have rain

X'
Remark1.64: 1. The universal quantifier p(x) on a domain A'is true if and

/

only if T,,= A.

2. universal quantifier p(x) on a domain A is false if and only if there exist

x € A such that p(x) is false. e

—

Example1.65: Find the truth value of the following open sentences:

1. VxER,x+1>x

let A=Randp(x):x+1>x

Because p(x) is true for all x E R, the solutionset T,= R

— the quantification VX € R, x + 1> xis true.

7 Yx€eEN x<?2

let A= N and p(x): x <2
n(x) is not true for all x € N. Take x = 3, p(3) is false.

P ——

= T,# N

3. VxENf(x)>Oandx=0)

The statement is false, there exists x = 4 € N such that 4 > 0 and 4 # 0.

4, Vx€Z|x|>0(H W)
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5. Forallx € {1,=1}, x*=1=0 (H.W.)

I\ )Y X Existential quantifiers:
/)

b‘ 7
§ Let p(x) be an open sentence on a set A. The notation

"Ax €A px)”

Denote the existential quantification (> x5 of p(x) and it read as:
“there exists X, p(x)” or “there is x, p(x)” or “‘some x, p(x)".

The symbol 3 is called existential quantifier | A2 | s,
The set A is called domain Ja-l

Examplel.66: 3 x €N, x <0

There exists seasons in Irag do not have rain

Remarkl.67:

The existential quantifier p(x) on a domain A is true if and only if T, # Q.
i
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The existential quantifier p(x) on a domain A is false if and only it T, = D.

5 JLuadl Bing A 4o sanall b yeaic s oS ol 13 AN 65 L ja 5 ) gusall 5 jLall
Jp(x

‘Examplel.68: Find the truth value of the following open sentences:
1. 3xER, x*=x
A= R and p(x): x* = x
r=01) % ¢

= the existential quantifier 3x € R, x* = x is true
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2. AXEN,3x+5=1 , A \[c’\ ‘(’(\() ""L)("’ by

X w::;e’\] ::B/CF’N

= 3x € N, 3x + 5= 1is false
3. Ix€Z, [(x+1)*=0andx*-1=0]
(x+1):=0 = x=-1
And ¥—1=0 = x=-1,1
T,={-1}cZ

IxeZ [(x+1)?=0andx*—1=0] istrue

De Morgan’s law for the existential quantifier ~
QA x €A ~p()]=Vx €A px)

ol g ASI gl (o A8l (S ) 5a (g2 0593

Examplel.69:
1.~ [3x€E x+)g8E]=Vx€E x+2€E

5 vx € N. V3% = V3vVx = ~[3x € N,"3x = V3/x]

Theorem1.70: Let p(x) be an open sentence and A is the domain. Then

1, ~[Vx €A, p(x))=3 x €A, ~p(x)
2. ~[Vx €A, ~p(x)]=3 x € A, p(x) (H. W)
3. ~[3x € A p(x))=Vx €A, ~p(x) (H. W)

Proofl: ~[Vx € A, p(x))= ~[~ [ x € A, ~p(x)]] {from De Morgan}
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=~~[3xEA, ~p(x)]
=3xEA~p(x) [~~p=Pl

Definition1.71: Nested Quantifiers AJafaial) il gaaal

.)}mAQAJ:\S\Jﬁ;g%dﬂbo\éh}ﬂ\w\gﬁh\jpmﬁﬁﬁ)dh@
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Let p(x, y) be an open sentence defined on the domain sets A and B. Then,

the quantifiers can be expressed as follows:

/

1. Vx € A, Vy € B,p(x,y) \
e

2. Vy € B,VYXE A4 p(x,y)
Z

3 3x €A, 3y €B,px, y)'s

4. Ay € B,3x €A, p(x,Y)
¢ vx€A Iy €EB,pxY)
6. 3y €B,Vx€EApXY)

75 11 €A Yy €EB,p(x,Y)

antifiers (1) and (2) are logically

equivalent. 1.e.,

vreA  YYED, p(x,y) =Vy €B, vx€4A, p(xy)

Similarly, the quantifiers (3) and (4) are logically equivalent. i.e.,

axeA  3yeB  prY)=3¥€B  3xEA4 p(x,y)

X lel.73:
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1.Vx € R, Vy €N, x* 4 y* >0 (True) =Yy EN, VX E Rx+y 2
0 (True)

r 8 BXEN,ByEN, X+ 2y <0 (F)aneN,HxEN, X+2Y<O (F)

Remark1.74: In the above definition, the quantifiers (5) and (6) are not

logically equivalent. i.e.,

VX € A, Jy € B, p(x,y) #3Y € B,

Similarly, the quantifiers (7) and (8) are not logically equivalent. ..,

S e | vyeB, pxy)#VYES axed, p(xY)

Examplel.75:
dxERVyEN,x T )= 0 (False)

VyEN,BxeR,x-l-y:O (True)

X+ y=0 Cumx e e 125y a0 JSI 4l S8 Ll

==>3xER,Vy€N,x+y=O ¢VyEN,3xER,x+y=0,
Examplel.76: Let X= computer, y= student,

o(x,y)= student uses the computer

Show that X, Vy; p(x; }’) + VY; ax;p(xy Y)
olution:  3X,

vy, p(x, ¥)

uwgmwsjssz;;.ﬁcbgmsjwi
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n(x, y) an open sentence. Then:

1. ~[Vx €AY yEB,p(xy)] =33y, ~pxy) M W.)

2.~[3xe€A33y€EB,px V)] =Vx, VY, ~p(x,Y)

3. ~[Vx€AIy€EB,plxy)=3x7Y, ~p(x,y) (H.W.)
4. ~[3x EAVYE

Proof 2: B, p(x,y)] = Vx, 3y, ~p(x, y) (H. W.)

Take the L. H. S
~[3xEA,ByEB,p(x,y)]=Vx€-A~ [ElyEB,p(x,y)]
- Vx €AV YyEB,~p(xY)

1Negation:
~[Vx€R(x¢0),3yER, Xy =
= 3x€R(x=#0),Vy€R,xy¢1
The statement is false
Let x=2 and Y= % then xy = 1@ Jx €

R, 3y € R, x*+ y*= 0istrue
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De Morgan’s laws for nested quantifiers
Let x and y are two variables defined on the sets A and B, respectively and

p(x, y) an open sentence. Then:

1. ~[Vx€AVy€EB,px, )] = 3x, Iy, ~p(x, y) (H. W.)
2. ~[dxeAdycE B, p(x,y)] =Vx, VY, ~p(x,y)
3.~[Vx€AIyEB DX )] = 3x, ¥y, ~p(*, ¥) (H. W.)
4. ~[3xEAVYE

Proof 2: B, p(x,y)] = V%, 3y, ~p(x,y) (H.W.)

Take the L. H. S

~[ 3 xEA,EIyEB,p(x,y)]=VxEA~ [3y€B,px,y)]
_ Vx€AVYyEB, ~p(xY)
=R H:S

mple1.77: Find the truth values of the following statements and of their

Examplel.//:

negations:

1.VxER(x¢0),3yER,xy=1
The statement is true becauseV x € R(x+0),3y=«

\
X

1ER X T

1Negation:
~[VxER(x#=0),3y€R, xy = 1]
= 3x€R(x¢0),VyER,xy=;t1

The statement is false
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Negation:
<[3XxE€R,IYER, x*+ y* = 0]

-V x € R,Vy ER, x*+ y*< 0 is false

3.V xEN,VyEN,x+yEN (H.W.)

A.Vx€eEN,AyeZ,x+y€EN (H. W.)

Exercisel.78:

1. Express the following using connective operators and/or quantifiers ==

i) there exists p, and there exist g such that pg = 32 ii)
x, there exists y such that x <y iii) each even number is not

odd number iv) for each x, if x is natural number then x is an

integer number

v) for each natural number x, x is even number or x is odd number
2. Find the negation of the following sentences:

)Vx,Vy,3z,x+y+2z=18

i) there exists y such for each x, xy < 2

i) 3x, [p(x) = Q(x)]
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