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Complex analysis (lecture 22 )

Singular points and poles tkaéy) 5 33Lal) Jaladl)

Zeros of function 4l i)
Residus Theory ) g ) 4y jlas
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Singular points and poles kaéY) 5 33L&l Lladl)

Definition (22-1): Let z, be an isolated singular point of a
function f and let f(z) = Yo _w a,(z — z,)™ be the Laurent
series of f inthedomain 0 < |z —zy| <R 3

(0.0)

f@= ) anz—z)"

n=—oo
-1 0o
= ) @G-+ ) -z
n=-—oo n=0

The series ¥,1_o a,(z — zy)™ is called principal part .

Example (22-1): Find the principal partof f at z = 1 if

2
1@ = e -2
Solution: z, =1
fD= ) anz=2" = ) ap(z— 1"
Nn=—oo n=0
1 1 1 -
z—z_(z—1)—1_1—(z—1)__nz=; (z=1)
1@ =G =2

_2 ®
=mz z-1" ,0<|z—1|<1
n=0

fR=-2) (-1
n=0
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=-2(-D2+@-D'+1+EZ-D+-)
The principal partis —2(z —1)"2 - 2(z—1)7!
Determine (classify) isolated singular points sl Llaill Cayias

[1] If a,, = 0 Vn < —1 then z, is called a removable singular
point &) )20 AL 53L% ddass

[2] If there exists a negative integer m 3 a,,, #0 and a,, =0
for n < mthen z, is called a pole of order —-m

Remark : if m = 1 then z, is called a simple pole

[3] If a,, +# 0 Vn < —1 then z, is called a essential singular
point Aol 33L% ddads

Example (22-2): Find and classify the isolated singular points
of

f2) ==

Z4
Solution : f is analytic Vz € C — {0}

z = 0 is an isolated singular point

Z 1 ZZn
fO ==l
n=0
* ZZn—4
=Z 0<|z| <
n!

1 1
f(2)=z*+z72+ §+gzz + o

-z =0 isapole of order 4 .
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Example (22-3): Find and classify the isolated singular points
of

() = cos(ZZzz) -1

Solution : fis analytic vz € C — {0}

z = 0 is an isolated singular point

cos(22) = z( 1)"(22)2" z( 1)"(22)2"

© _1\n 2n
cos(2z)—1=1+ Z ( 1)275?2) _

1)n 4n (Z)Zn

||M8

— oo 1\ g4n 2n
f(Z)=COS(ZZZZ) 1=i (1" 4™(2)

72 2n!
n=1

,0< |z] < oo

B i (_1)n 411(2)211—2

2n!

2 64
f(z)——2+32 i + -

~ z = 0 is a removable singular point .

Example (22-4): Find isolated singular points of

1

f@)=e7

and determine whether the are poles , removable or essential
singular points .
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Solution : f is analytic Vz € C — {0}

z = 0 is an isolated singular point

f(z) = ez
o0 1)" o0
Sz S
—Z 2n! _Zzn!’|2|>0
n=0 n=1
1 1
f@)=1-2z71 +§Z_2 — 52_3 +

~ z = 0 1s a essential singular point .

Example (22-5): Find and classify the isolated singular points
of:

z%2-9
z—3

[1] f(2) =
Solution :
z = 3 is an isolated singular point

z2-=9 (z-3)(z+3)

f(z):z—B z—3 Z+3
~ z = 3 is a removable singular point .
z243z—4
2] f(2) = =2
Solution :

z = —4 is an isolated singular point

z2+3z-4 (z+4(=z-1)
z+4 z+ 4 B

z—1

f(2) =

~ z = —4 is a removable singular point .
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Example (22-6): Find isolated singular points of

f(2) = sini and determine whether the are poles , removable or
essential singular points  (H.W)

Zeros of function 41y i)

Definition (22-2): A zero of analytic function f(z) in the
domain D is z, such that f(z,) =0

Order of zero

- Azero has order nif £(zo), f'(zo), f"(zg), ..., F™* D (24)
Are all zero at z = z, but f™(z,) # 0
- If f(zy) = 0and f'(z,) # 0 then f has a simple zero .

Example (22-7): Find the zero and their order for functions :

[1]1 f(2) = 22 +1

Solution :
f(2)=0 >2z°41=0=2z=+4i
fl(z2)=2z = f'(()=2i+#0

f'(=i)=2i+0
“f(z)=0and f'(z) # 0
= f has a simple zero .

[2] f(2) = 2z(e” = 1)
Solution :
f(z)=0 = 22(e?-1)=0=2=0
f'(z) =2ze*+2(*—-1) = f'(0)=0

f(0) =2ze? +4e* =4+ 0
~f(z)=0and f"(2) #0
= f has a zero of order 2.
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[3] f(2) = (z* — 16)*
Solution :
f2)=0 =>(=*"-16)°=0= (z22—-4)(z>+4)=0
z=22 and z = £2i
f'(z) =2 (z* —16) (423) = 8z3(z* — 16)
= f'(2)=0 ,f'2) =0

f'(2) = 322° + 247%(z* — 16)
f'(2) = 32(64) + 24(4)(16 — 16) = 32(64) # 0

~f(Z)=0and f"(z) # 0
=~ f has a zero of order 2.
[4]1 f(2) = (e* +1)° (HW)
[51f(z)=e?—2z—-1

Solution :

z% Z3
f(Z)=1+Z+Z+§+'"—Z—1
2,3

z
f(Z)=E+§+”'

f(z)=0 =>§+§+---_0=> z=0

, 2z 3z°
f (Z)ZE-I_?-I_W
= f'(0) =0

yean 2 62
frR)y =S+ +

£(0) # 0
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~f(Zz)=0and f"(z) # 0
= f has a zero of order 2.
[6] f(z) = cotz
Solution :

(OAVA

sinz

=0= cosz=0

1
zZ= (k+z>7r, k=0%1%2,..

f' ((k +%>n> = —sin(k +%)T[ *+ 0
~f(z)=0and f'(z) # 0
= f has a simple zero .
[7] f(z) = tanz (H.W)
Poles «LLdy/

Example (22-8):

[1] f(2) = :11 hasasimplepoleatz =i .

[2] £ (2) = == has a simple pole at z = 0

3z
zZ241

[3] f(2) =

has a simple pole at z = +i .

[4] f(2) = Zzi2 has a pole of order 2 at z = 0

1

51 f(2) = 55 (HW)
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Residus Theory quwl gl 4 ki
53 jiial) dlaiil) aie Al (ABL) Gaud Aoyl

Res(f, z)

Theorem (22-1): If f has a simple pole at z, then
Res (f,z) = limz—>zo(z —20)f (2)

Theorem (22-2): If f has a pole of order n > 1 at z, then

n—1

ReS (f; ZO) = Zli_)rrzlo n— 1)| dZTl—l

(z = 20)"f(2)

Example (22-9): Find Res(f, z,) of the function

z+1

zZ—1

f(z) =
Solution : f hasasimple poleatz =i
~ Res(f,zy) = lim (z — z)f (2)

z+1

Res(f,i) = lim(z — i) ,
zZ—l1 Z—1

Res(f,i) = ;i_)mi(z +1)=1+1i

Example (22-10): Find Res(f, z,) of the function

Solution :

zZ+2
z2(z+1)(z—1)

f(2) =

[1] f hasasimple poleatz =i
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~ Res(f,zy) = le_)HZl (z —2z0)f (2)

zZ+ 2
z2(z+i)(z—1i)

~ Res(f,i) = ;i_)mi(z —1)

o e Zt2 _it2_ 1
es(f, 1) Zl—>rnl z%2(z + 1) C=2i 2

+1
[2] f has asimple poleatz = —i
~ Res(f,zy) = lim (z — 29)f (2)

Z+ 2
z2(z+1)(z—1)

~ Res(f,—i) = Zli_)rr_li(z + i)

o e Zt2 _—it2 1
es(f, 1) zl—>mlzz(z—i)_ 2i 2 "

[3] f hasapole of order2atz =0

an-1
Res (f,zy,) = lim

M =Dl &)@

d z+ 2

Res (f,0) = lim — [Zzzz(z-+i)(z-—i)]
d z+2

Res (£,0) = lim =~ (24-0(2-0]

° 0 = 1 1— 4z — 72 B
eS(f ) E}I}) (ZZ+1) -

Example (22-11): Find Res(f, z,) of the function (H.W)

f(2) = z 3sinz

Theorem (22-3): If f, g two analytic function at

Zo O h(z )_fE) then Res (h, z,) = f((zz))
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Example (22-12): Find Res(f, z,) of the function

f(z) = tanz

Solution :
Sinz
fz) = COSZ

1
cosz=0 =z = <§+k>n,k =0,+1,+12,..

g(2) = cosz = g'(z) = —sinz
Res (h,zy) = ;I((ZZ))

1 sinz
Res (h,(—+k)n)= —=—1
2 —sinz
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Complex analysis (lecture 21 )

Taylor series LU dleduda
Maclourin series ¢nsiSte Aludidia
Laurent series <y sl Al
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Taylor series Lt Aladadia
Definition (21-1): Suppose that f is analytic function of z, if

then f(z) = XYoo an(z — zx)"

() (3) (n)
an = Flao) + F D) + L0 L0y T )

_ f(n) (Zo)

nl!

an

If z, = 0 then the series is said to be Maclaurin .

Properties (21-1): The taylor series for

[1]f(2) = e* = N o=, atzo =0
Solution: f(0) =e° =
fO@) =e?= fDO)=e’=1
fA()=e? = FO@O)=e’ =1

f(n)(Z) — oZ — f(n)(o) — 0 =1

f(")(zo) 1
T T
) =) an(z—2)"
n=0
(0] 1 i
f@ =) —@-0
n=0
f=) =

n!
n=0
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( 1)11 2n+1

2 f@) =sinz = 3, Sg 0 atz =
( 1)11 2n
31 £(2) = cosz = Lo 22— at 7o =0
. ZZTl
[4] f(Z) - COShZ - ZTL=0 (271)!
. . . ZZTL+1
[5] f(Z) = sinhz = ZTL:O 2n+1)!

[6]f(2) = — =3 2"
[7] f(2) = > = Seo(-1)" 2"

Example (21-1): Find the taylor series for

[1]1 f(z) =lnz , atz, =1
Solution: f(0) =In(1) =0

Saira Jlga

FO@ =~ = fOM=1=1=0
FO@) =~ = fO)=—1=-1=—1)
2 2
fO@ = 2= [OW)=T=2= @)
FO@) = — = fO) =3 = 6= ~(3)

iv 21 31
—0+0'—E+§—E+
0! (2 3!
- - .

1 2t 31 4!
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—1)! -nH"
o = (<1 (nn! ) ( n)
(0e] o0 _1 n
F@ =Y anz—z) = Y 1y
n=0 n=1
[2] f(2) = e*”
Solution :
, 7" iy - (2iz)" - (20)"z"
e ZE:BZ _Z n! _Z n!
n=0 n=0 n=0
[B1f(2) = e®
Solution :

[4] f(2) = sin(4z)

Solution :

© (_1)71 ZZn+1

(2n + 1)!

v Sinz =

© (_1)71 (4Z)Zn+1

= sin(4z) = it D)

[5] f(z) = z3sin2z
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Solution :
© —1 n . 2n+1
v sinz = ()72
- (2n+1)!

n

z3sin2z = z3 (=D" 22"
. (2n + 1)!
n=

(_1)71 (2 )2n+1

=7 2 antor @
n=0
oo (_1)11 (2 )2n+1 -
=; 2n + 1)! (z)7

[6] f(z) = cosz? (H.W)

[7]f(2) = —

Solution :

2% Z @n - Z ;:1
n=0 n=0

Laurent series <y ¢l Aol

Definition (21-2): If f is analytic function R; < |z — z,| < R,
then f(z) = Yoo an(z — zp)"
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-1

= ) a-a)+ ian(z—z())”
n=0

n=—oo
Letn = —k
1 0
= D a2+ ) anz—z)"
k=00 n=0
297
= an(z—z "+z —
2 n( 0) (z — z)k
n=0 k=1

Example (21-2): Find the Laurent series representation of

[1] Y gz 1=z 1+ 20+ 2 + 22 + 23 + -

21 if f(2) = ez

Solution :

(00] (00] 1 zn (00] _
A 1 (E) z N
e eZ = —_— > ez = = _
n! n! n!

Bl1f(z2) =< ,0<|zl<1

Z4
Solution :
ZO = O
(0.0] (00]
f@ =) az—2)"= ) az"
n=-—oo n=0
* n 2n n
ez:zz_=>e22— @27 N2
n! n! n!
n=0 n=0 n=0
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e 1 2"
f(Z)=Z—4=—42n—Z 0<|z| <1

= Z—'Z”_4 0<]z] <1
£ nl

[4]f(z) = zez ,0<|z| < (HW)

1
[5] f(2) i 0<|z| <1
Solution :
ZO = 0
F@ =) az=2)"= ) az"
n=—oo n=0
Y
n=0
1z| <

1 1o
f(Z)_m EZZ 0<|z| <1

n=0

(0.0)

=Z zZ"1 0< ]zl <1

n=0
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Complex analysis (lecture 20 )

The sequence (“kliiall) Claliial)
The series (4.)“4.\'.31\ Alodudall ) D adudiall
The sum of the Geometric series dswiigd Aluldudall £ gana

Ratio test 4swdl) jLaa)
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The sequence («lkitall) claliial)

Definition (20-1): Suppose z,, € C and z, € C then we say
that z,, — z, if for each ¢ > 0 AN such that

n > N, |z, — z,| < € the sequence z, is eventually contained in
any e — nbhd of z

lim z, =2zy=> Ve>03aN3n>N = |z, — 7yl <€

n—oo

Example(20-1):

[1] The sequence {i,—1,1,i,...}
Zn = (l)n = {i"} no:ol

The domain 1ts 1,2,3,4,5,.... and
The range its i,i2,i3,i%,i°, ...

[2] The sequence {—1,—i,1,i,...}
Z, = (i)n+1 — {in+1}n°;31

The domain its 1,2,3,4, .... and
The range its i,i2,i3,i%,i°, ...

Example(20-2): Find the limit of the sequence
{\/ﬁ +i(n+ 1)} 0
Zy =

n n=1

Solution : we write z,, = x,, + iy,

1 +_n+1
Z"_\/ﬁ L -
1
lim x, = lim —=20
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_ o n+1 _ 1
lim y, = lim = lim (1+z)=1

n—oo n—oo n n—oo

lim z, = lim x, +i lim y, =0+i =1
n—00

n—0oo n—~oo

Example(20-3): Show that the sequence

(2 — %) +i (5 + %) its converges .
Solution :

1
lim x, = lim (2——)=2

n—0oo n—0oo n

1
lim y, = lim (5+—)=5

n—oo n—oo n

lim z, = lim x, +i lim y, =2 + 5i

n—oo n—0oo n—>0oo

= The sequence is converge

Example(20-4): Show that the sequence

Zy = {M} -, its converges . (H.W)

Example(20-5): Show that the sequence

m={@+0 ~

its diverges .
Solution :
VA
r=vi+1=+v2 ,tan™'(1) =2
nm

Zy = (\/E)n [cos%r + isinT

lim x, = lim ((\/E)ncosr%ﬂ) = 00

n—0oo n—~oo
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lim y, = lim ((ﬁ)nsin%) = o0

n—oo n—oo

lim z, = lim x, +i lim y, = o

n—oo n—oo n—oo
= The sequence is diverges
The series (dawiigd Adadadiall ) cdludodall

Suppose {z,} is sequence then the complex numerical series

Zl+ZZ ++Zn = Zzn
n=1

Sequence of partial suns {S,,} general term is
Sl - ZTl

SZ = Z1 +ZZ

Sn=zl+zz+---+zn=ZZn

Example(20-6): Show that the series

(0.0

> a-or

n=1

its diverges .

Solution :

r=v1i+1=v2 ,tan"'(1) =

Zy, = (\/E)n [cos%r + isin%r
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lim x, = lim ((\/_) cos—) =

n—oo n—oo
tim, 3 = tim, ((V2)"sin ) =

lim z, = lim x, +i hm Yp = 00

n—oo n—oo
s =1 (1 =)™ is diverges

Definition (20-2): Geometric series is a series with a constant
between successive terms

S = ¢ *1
_1—r'r

Example(20-7): Study the converges of

n=1
Solution : S —21( 3—12+3i3+)
)y 21 ’
_ 2t _9 _-
a—3 , r_§_3
3
21 )
) l
S=—3 ="
1-1
3

= i
Z—n

Example(20-8): Study the converges of
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i 2i
o] ( 1)n+1 (2”)

Solution : S, —31(1—14_1_14_...)

3i _Tgi -1
a=?, T=?=7
2
1+7

Z ( 1)n+1(2n) — 1

Example(20-9): Study the converges of (H.W)

( )
Z 1 i
Tl—l

Baina J) g

The sum of the Geometric series 4swigll dludoial) £ gana

(0.0]
n=0

(0]

if r <1 then z Z, IS converges
n=0
(0]
if r > 1 then Z z, is diverges
n=0
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Example(20-10): Find the sum of

S @)

Solution : Let z = _?2

- 1 1 3
an = = — = —

}: - 2° %

P 1—2z 14 : 5

Example(20-11): Find the sum of

> ()

~i -

Solution : Let z = i X
- 21 =1

1

Zn= - L "
— I 241

2 ><2—i_4—2i_4 2
" 24i 2—-i 5 5 5

Example(20-12): Find the sum of (H.W)

> (5

Example(20-13): Find the sum of (H.W)
i (1 + i )"
2
n=0
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- Ratio test dpudl) jLad)
Suppose {z,} is sequence then there exist a positive real number
L >

L= lim

n—0o

Zn+1‘

Zn

Then :

[1]if L < 1 then Y., -, z, IS converges
[2]if L > 1then ), -, z, is diverges
[3] if L = 1 then the testis inconclusive

Example(20-14): Investigate the convergence of the following
series

oo n!
[1] Xn=0 1 m

Solution :
(n+ 1)!
z, +1 (1 + Hn+1
L= lim |2 ‘= lim (1+l,)
n—oo Zy n—oo n.
1+in
_ n+1)! @A+D"
= lim .
n—oo [(1 4 )7+ n!
_ (n+ 1)n! 1+ )"
= lim - — X
n—o [(1 4+ )" (1 +1) n!

(n+1)
(1+10)

lim(n+1)=o0

n—0oo

= lim
n—oo

_‘ 1
IR

~L>1
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2 a+ )n is diverges

o 211 n
2150 —— lz1<4

Solution :
2n+1Zn+1
Z, +1 1!
L= lim |[= ‘z %
n—oo Zn n—oo 2z
n!
8n+1 n!
nl [+ ) 8n
_ ‘ 8"8 n!
" lmr M 8
= i
ngnoo n+1
L <1
is converges
Z a+o J
[3] Zz):O 2
Solution
i
Z, + 1 1)2
L= lim |- ‘= lim [
n—oo Zy n—oo l;
n2
. i n?
nbe ((n+ D2

141
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w 'l
[
Z — is inconclusiv
n
n=0

[4] 22 00 (Haw)

n+2

5] %1 = (HW)
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Complex analysis (lecture 19)

Cauchy's integral formula 4l . oS dapa
Cauchy's integral formula (4 ciliidiall) 4dal<il) & oS dasa
Theorem Cauchy — Courstat il sS sS4y i
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Cauchy's integral formula 4lelsil) & oS dapa
The integrals

f(2)
dz = 2mi
fz—a Z mif (a)
C

S (5 by alaall Jaai(1

Mj}d\kumq;.aez(z

OoEl il aayy ZT@ f(@) s A g jeall Jalal) ala) xie (3

Example(19-1): Evaluate the integral .

[1] fcmdz, C = {z:|z| = 2} positively oriented <

Aol o Jlie
Solution :
9 — z2 = (0 = z = F3 outside circle

z+i=0= z=—iisolated point

ZS . .
J © =290z + D) dz = 2mif (—i)

-2i
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2

[2] fcmdz, C = {z: |z| = 3} positively oriented (e

el @ lae
Solution :
z—1=0= z = 1inside circle

z—2=0=z = 2inside circle

2

ez . .
j Z-Dz-2) dz = 2mif (—i)

Cc

~ eZZ eZZ d
‘H(z—Z) _(z—1)] ‘

2

j (Zei 2) dz — j (Zeizl) dz

C C

= 2mif (2) = 2mif (1)

. 2 . 2 . .
= 2mie?” — 2miel = 2mie* — 2miel

[
W

-3i

31 J, SZ?’EZ dz, C = {z:|z| = 5} in the unit circle.
2
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Solution :
N T 0 T
—_ = - —_——
Z > VA 2
sin3z
f dz = 2mif (— —)
c Z + 2
= 2misin| 3 (— z) = —2mi Sin (3—n)
B 2/ ) 2
= 2mi(—1) = —2mi
T dz, C ={z:|z| = 4} inthe unitcircle. (HW)

Cauchy's integral formula (A=) ciliidall) Aalsil) & oS drva
The integrals

Example(19-2): Evaluate the integral .

[1] ], (Zej; dz, C = {z:|z| = 3}in the unit circle.
Solution :
(z+ 1)* =0 = z = —1isolated point
n=3
f(z) = e?**
FD(z) = 2%

f@(z) = 4?2
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f(3)(z) = 8e??

f(z+1)4 =_f<3>( D

yah 8mi
— -2\ —
= ? (86 ) = F

|
(03]

-3i

i 6
[2] [.——=dz, C ={z:|z| =1} in the unit circle.

(2+3)

Solution :

T3 s
(z + —) =0=>z= 3 isolated point

n=2
f(z) = sinbz
fW(z) = 6sin®z cosz

f@(z) = 30sin*z cos?z — 6sin®z
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[ sz = Tt ()
X

Z+g)3

o o) o) o))
s )-(2)

45 3 42 21

= 1l ﬁ—ﬁ LEZET“

[3] ], (Z:u_)z dz, C={z:|z—mi| =1}.(HW)

Theorem Cauchy — Courstat cibwsS & oS 4y s

Let C be a simple closed contour and let f(z) be a function that
is analytic in the interior of C as well as on C it self the

!f(z)dz =0

[11 f.f(2)dz = [ f(D)z' (t)dt
2] J,L2dz = 2nif (a)
8] fp o dz = 21 f ™ (@), n = 0,1,2, .

Example(19-3): Show that .

[1] ],

Solution :

in the circle |z]| =1 .

z+3=0=2z=-3
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By Couchy Coursat
f is analytic on C/{—3} and in the region closed by C

f Z _dz=0
") z+3 Z=
C

[2] [, e*dz =0, if Cis intheunit circle |z| =1 .
Solution :
By Couchy Coursat
f is analytic on C and in the region closed by C
jeZidz =0
Cc

[3] Evaluate
fc idz, if Cisthe positively oriented circle |z| = 2
(HW)

132




By Ol S an) e s AN A jal) pdie dwalud) 5 pdalaall 1 5a8aa J) g3

Complex analysis (lecture 16 )

- Complex exponents 4 _sall Guwd!
- Trigonometric functions 4l J) gl
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Complex exponents (z¢, c?) 4sSall )

Definition (16-1): Let z be a nonzero complex number and let
C be any complex number we define z€ as

7€ = eclogz — ec[ln|z|+L(Argz+2kn)] kez

Example(16-1): Find the values of

[1] i
Solution :
ii — eilogi — ei [In|i|+i (Argi+2km)]
_ ei [o+i ( tan_l(%)+2kn)]
= ¢l |i(F+2km)]
_ e—(%+2krt) ,k € 7
[2](2i)

Solution :

eilog(Zi) — ei [In|2i|+i (Arg(2i)+2km)]

_ ei [ln2+i ( tan_l(%)+2kn)]

_ ol |in2+i (F+2km)]|

_ ol in2—( Z+2km)

i
= Jk €z

T
e§+2k77.'
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[31(=3)7" (HW)
[4] ()% (H.W)

[5] (-1)3
Solution :

Zlog(-1) _ e§[1n|—1|+i (Arg(—-1)+2km)]

_ ¢ 5[ i (can™(Sp)v2kn)

_ e%[i( T+2km)]

(2m+4km).
= e 3 !

k=1=e*"=1

107 4mi 1 +/3
k=2=e 3 =e3 = _E__i

[6] (1 —V30)z (H.W)

Definition (16-2) The principal value of z€ is

c clogz

Z- =e

Example(16-2): Find the principal value of (1 + i)%*

Solution :
(1 4+ i)2+i — e(2+i)log(1+i)

— o(2+D) [in|1+i|+i (Arg(1+D))]
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_ @t |inv2+i 7]

T. . i
_ eln2+71+Lln\/_—Z

z _ ezlogc c+0

C
Example(16-3): Find the values of

[1] 21+i

Solution :

— e(1+)ilog2 — e(1+i) [In|2]+i (Arg2+2km)]
— e(1+i) [In2+i (0+2km)]
— o(1+D) [In2+2kmi]

In242kmi+i In2— 2km

=e
— elnz_eZRm_ean —e 2km
2i+1
ezkn

[2] (m)" (H.W)

Trigonometric functions 4iliall J) sall

elz _ o-iz elz 4 o~iz
CO0SZ = ———

sing=———,
21 2
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sinz el — e~ 2

cosz i(e? +e~i2)’

tanz =

Properties of sin and cos for complex number

[1] sin(z + 2km) = sinz

Proof:
L.H.S
ei(z+2kn) _ e—i(z+2kn)
sin(z + 2km) =
( ) 20
eiz+2kni _ e—iz—ka’
- 2i
eiz . eani _ e—iz . e—ka’
B 2i
eiz _ e—iz
= T =sinz R.H.S
[2] sin(z + ) = —sinz

[3] sin (Z + g) = c0Sz

[4] % (sinz) = cosz

Proof:
d [ei? —e 2 ieZ + je7lz i(eiz + e"iz)
E(T) T2 2i
ol? 4 o=iz
=—— — =cosz

[5] sin(z, + z,) = sinz,c0sz, + cosz,sinz,
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Proof:
R.H.S
Sinz,co08z, + c0Sz,Sinz,
eizl _ e—izl eiZZ _I_ e—iZZ
B 2i 2
eizl _I_ e—izl eiZZ _ e—iZZ
+ 5
2 21
el(z1+22) | oi(z1-22) _ pi(=2z1+22) _ o—i(21+22)
B 4i
el(Z1+22) _ oi(z1-22) | pi(=21+22) _ o—i(21+22)
+ .
41
ei(Zl+Z2) _ e—i(Z1+Z2) + ei(Zl+Zz) _ e—i(Zl-l'Zz)
B 4i
2 [ei(zl+22) _ e—i(Z1+Z2)]

= = Si + L.H.S
2 sin(z, + z,)

[6] sin(z; — z,) = sinz,c0sz, — cosz,sinz, (H.W)
[7] cos(z; + z,) = cosz,cosz, — sinz;sinz,
Proof:

R.H.S

C0SZ1C0SZy — Sinz,Sinz,

eizl + e—izl eiZZ _I_ e—iZZ
B 2 2

ei21 _ e—i21 eiZz _ e-iZz
- ( 2 )( 2i )
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el(z1+22) 4+ el(z1-22) + el(=z1+23) + e~ i(z1+23)

4
el(z1+2z2) _ oi(z1-23) _ pi(=21+22) 4 p—i(21+22)
+
4
2 [ei(zl+22) + e—i(Zl'l'Zz)]

. = cos(z; +z,) L.H.S
4i
[8] cos(z; — z,) = cosz,cosz, + sinz;sinz, (H.W)

[9] % (cosz) = —sinz

Proof:

[10] cos(—z) = cosz

[11] cos(z + 2km) = cosz
[12] cos(z + m) = —cosz
[13] sis2z = 2sinzcosz
[14] cos2z = cos?z — sin®z
[15] cosz = cosZ

Proof:

ez 4 o~z ez + o~z el_z + e—_lZ
)= 2

z _ —
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piZ | p-iZ
= = C0sZ
[16] cos(zt) = cos(Zi)
[17] sin(z) = sin(2)
[18] sin(z1) = sin(Zi)
Example(16-4): prove that
[1] 1 + tan?z = sec?z
Solution : L.H.S
1+tan?z=1+ SinZZZ
cos?z
(eiz . e—iZ)Z (eiz _ e—iz)z
=1+ oiz _|2_le—iz z =1+ (e” ;j‘iz)z
(=) :

(eiz n e—iz)z _ (eiz _ e—iz)z
= eZiZ + 2+ e—ZiZ

eZiz + 24 e—2iz _ [62iz —2 4 e—Ziz]
- eZiZ +2+ e—ZiZ

eZlZ + 2+ e—ZlZ _ eZlZ + 2 — e—ZlZ

2

4 2 ,
- — = ( - — ) = Sec~z
(elZ + e Lz)z elz + e 1z

[2] 1 + cot?z = csc?z (H.W)
Example(16-5): Evaluate
[1] sin(i)

102

Saiaa Jlga




By Ol S an) e s AN A jal) pdie dwalud) 5 pdalaall 1 5a8aa J) g3

Solution :
pi() _ p=i(D)
sin(i) =
in(i) 57
PSP el _ el %_ el
B 2i 2020
1 — e?

e 1- e?
2i 2ei

[2] tan(2i) (H.W)

Example(16-6): Solve the equations

[1] cosz = 4
Solution :
eiZ _|_ e—iZ

2

. 1 .
=812+§=8‘|*el2

e?” +1=28e"” = e?” —8e? +1=0

—bVb?2 — 4ac . —b ¥ Vb? — 4ac
= - =
x 2a ¢ 2a
7 8++V64 —4 8+ V60
e = =
2 2

el = 4 FV15 = Ine? = In(4 FV15)
=>iz=(4$\/ﬁ)

(4 FV15) —i
=% —

l —1

Z = Z
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= —iln(4 FV15) + 2kn ,k = 0,F1, ...

[2]sinz =~ (H.W)
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Complex analysis (lecture 18)

Complex integration s al) Jalsil)

Contour integral (hall Jalsil

Integral inequality (ML- inequality) 8)sbwall axe Jal<s
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Complex integration s sl Jalsill

The integrals
b b b

jz(t)dt = fu(t)dt+ijv(t)dt

a a a

Example(18-1): let f(t) = (1 + it)? , t € [0,1] find the
integral .

Solution :
f)=1+2it—t>=1-t%+2it
1

1 1
Off(t)dt = 0f(l — t2)dt + ij 2tdt

0

=t e 1+'t2 1—(1 1)+'1 —2+'
st=glgtittly= 3) T =5 +i

Example(18-2): let f(t) = et , 0<t < %find the integral .

Solution :

Example(18-3): Evaluate the integrals fogemdt (H.W)
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Example(18-4): Evaluate the integrals and then identifying the
real and imaginary parts of the value found .

T

0

Solution :
T A
f e(1+i)tdt — j et.eitdt
0 0
T T

= f et(cost + isint)dt = f(cost el + isint et)dt
0 0

T T
= j(cost et )dt + ij(sint eb)dt
0 0

T

I, = f(cost et )dt
0

u=cel! = du=etdt
dv = cost = v = sint
11=uv—fvdu

T
T
= el sint | 0 f(sint et)dt
0

T
= (e"sinm — e%sin0) — [et(—cost)] 0 + cost etdt]

u=-el! = du=etdt
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dv = sint = v = —cost

11=uv—jvdu

T
T
= et cost | 0 f( cost et)dt
0

I, + I, = (e™cosm — e®cos0)
21, = (—e™ — 1)] = 2

—(e™+1 1
1= ( 2 )=—E(e"+1)realpart

T
I, = f(sint et )dt
0

u=cel! = du=etdt

dv = sint = v = —cost

12=uv—Jvdu

T

T
= —e! cost ] 0 J(cost et)dt
0

T
18
I, = (—e™cosm + ecos0) + et (sint)] 0 j(sint et )dt
0

u=et = du=etdt
dv = cost = v = sint

L+L=(E"+1)+0
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21, = (e™+ 1)] = 2

_(e™+1)

I
2 2

T

. 1
~ Re | ety = —E(e” + 1)

. 1
Im | e+dtge = E(e” +1)

|
f

Contour integrals (line integral ) sl Jalsill

Let f(z) = u + iv continuous in all point of the curve C then

b b
ff(z)dz= ff(z(t)).z’(t)dt

Properties of line integral

[11)_.f(@)dz = - | f(2)dz

[2] J. z0f (2)dz = 2, [ f(2)dz

Bl [If (@) F g@]dz = [.f(2)dz F [,g(z)dz

Z(b)

\»‘/ 2(0)

t € [a,b]

Z(a)
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Example(18-5): find out the value of

[1] Zd_—za , zt)=a+ret ,0<t<2nm
Solution :

z'(t) = rie‘tdt

b
| r@dz = | re@n.z@a

2T
1 o
=f : 1i ettdt
a+ret —a
0
2T ) 2T
riet
P
re
0 0
2T
2w .
=Lf dt = it] 0 = i[2mr — 0] = 2im
0

[2] Zd_—za , z(t) =are”® ,2r<t<0
Solution :

z'(t) = —rie "dt
b
jf@ﬂz=jf@@»z%ﬂm
0

1 o
= Ja_l_re_it_a.(—rle‘t)dt

—27
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2T
= — f —idt = 2in

0

[3] fcgdz,c:[z=26i9, 0<6<n] (HW)

NS

_ o m
[4] [ Zdz,2(0) = 2¢® —-<6<

Solution :

z'(t) = 2ie'?do

b
ff(z)dz= ff(z(t)).z’(t)dt
z

2e'9. (2ie'®)do = j4ﬁ.(iei6’)d9

T

2

Il
|
TS R N[

T T
2 2z T
f4i.e-i9ei9d0=4i f do = 4i[0] Z,T
T s 2
2 2

—4i[E 4T = 4

— LZ 5 = 47T

Example(18-6): | e”dz where C is the curve y = 2x from
A(~=1,-2),to B(1,2)

Solution : B(1,2)

-

A(—1,-2
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y=2xletx=t,y=2t
z(t) =x+ yi
z(t) =t + 2ti ,t € [-1,1]
zZ'(t) =1+ 2i
b
| rdz = | re@).z@a
¢ a
1
= fel+2ti. (1 + 2i)dt
“1
= 12t | 1 _ plt2ti _ p—1-2i
—1

Example(18-7): [ z°dz
A(0,0),to B(1,1) (H.W)

where C is the curve y = x?2 from

Example(18-8): Evaluate fc idz where C is the line segment

from (1,2),to B(2,4)

Solution :

(2,4)

(1,2)
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Y—=Y1_ V2=
x—x1 xz_xl

y—2 4-2
x—1 2-1

y—2=2x—-2 =>y=2x

lety =t —1t
ety =t,x =z
z(t) = x + yi

1
z(t) = §t+ ti

1
z'(t) =§+i ,t € [2,4]

b
| rdz = | re@).z@a

4

Lf(Z)dz=2j%titi.G+i)dt

1 4
- ln‘zt+ti] = nl2 + 4il — Inl1 +2i

2+ 41
1+ 2i

= I[n

Integral inequality (ML- inequality) 3/ sbuall ac Jal<

< ML

fc f@)dz

b
L=J|f’(t)|dt or L=r6
a
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lf@)l <M
daga (pil 8
1z1 + z3| < |z1] + | 2]

z1 — Zp| < |z1| — |2;] M\cﬁf‘m

|z, + z3| = |z4]| + |2;]

Z1 — Zy| 2 |z1| — |2z, r“u‘fﬁm

Example(18-9): Suppose C is contour

iez(0)=3e? 0<0<m

dz

find out the upper bound of integral fc ZZZ+ 1

Solution :

b
L= le’(@)ld@ ,2'(0) = 3ie? ,|z| =3
a

T /s

, T
L=j|3ie“9|d9=f3d9=39]0=3n
0 0
If(@)l <M
1 1
72 22 V3 V3
< < <
z24+ 1| |z2+1] 7 9—-1" 8
V3
oM=— |L =31

8
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dz| < ML<3nm.—<3—m

1
. f 72 V3 V3
) zz2+1 8 8

C

Example(18-10): find out the upper estimate the integral

z% +3 iz
fzz+28 dz

c

Where z(0) = 2e¥ 0<6 < %

Solution :
. 9_271
=7 _3
lf(2)| =M
z2+3 |22+3||i2|
z2 4+ 2 |z% + 2|
|z2+3| |z%| +3 4+3<7
T |zZ24+2] T |z3|—-2T4-2" 2
M_7 L_Zn
2773
j22+3 iz <ML<7 27‘[<77‘[
Z+2° VST E2E R

Where z(0) = e'® %s 6 < % (H.W)
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Complex analysis (lecture 17 )

Inverse trigonometric functions — 4tiall J)gall (u gS2a
Derivative of inverse trigonometric functions J)gal G« gSaa diidia
"' “#Sﬁ n

Hyperbolic trigonometric functions 4zl 1 4Lal) J) gal)
Derivative of hyperbolic trigonometric functions Jisal 4&ida

dgai 3 A

Inverse hyperbolic trigonometric functions 4itiall J) gall (g2
g 30
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Inverse trigonometric functions

[1] sin"tz = —ilog|iz + V1 — z2]
[2] cos™tz = —ilog|z +V z% — 1]

1. _ l 1+iz
[3] tan™"z = 2i log [1—iz]

-1, = L0 |2
[4] cot™'z = = log Z_l_]
[5] sec™tz = —ilog 1”;_22 (HW)
[6] csc™1z = —i log iwjz_l
Proof [1] :
sin"'z = —ilogliz + V1 — z2]

w=sin"lz = sinw =z
eV —e~tW . _ .
, =Z =>elw—*=2w]* eV
21 etw

e2W _2ijzetW — 1 =0

_ —bFVb2—4ac 2iz+./(-2iz)? — 4(1)(-1)

iw

€ 2a 2(1)
0y | 2lz+V—4z% + 4
e =
2

eW =iz 41— z2
loge™ = log [iz +1 - 22]
iw = log [iz +1 - 22]
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W=%log[iz+ 1—22] l*:—i

W=—ilOg[iZ+\/1—ZZ]

Proof [3] :
tan~1z = —log [1“:2]
21 1-iz
w=tan"lz = tanw =z
eW — e~tw . 1 . 1 .
i(eW + e~W) =z = el ew 'z (elw * ew)] * e

e2W _ 1 = jzeW + zi
e2W _ jzeW = 1+ zi

e’W (1—-zi)= 14z

. 1+ zi
e = 1—2zi
2iw = log ll ’ Zl]
1—2zi
_— llog ll +zi]
21 1—2zi

Example(17-1): Evaluate the following

[1] cos™'V/3

Solution :
cos™lz = —ilog [Z ++ 22 — 1]
cos™V3 = —ilog[V3 + V2]

= —ilog([V3 +V 2|+ 2kni) k=0,%1,..
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[2] sin™ (1 + V3i)

Solution :

sin"lz = —ilog [iz +41- ZZ]

sin™1(1 + V3i) = —i log [i(l +V3i) + \/1 -1+ \/§i)2]

= —ilog li—\/§+\/1—(1+2\/§i+(—\/§))‘

=—ilog[i—\/§+\/1—1—2\/§i+\/§]

=—ilog[i—\/§+\/\/§—2\/§i]

Derivative of inverse trigonometric functions

[1] & Gsin™'2) = 5=
[2] < (cos™z) = vl__—lﬂ

[31 & (tan™ z)—mz

[4] 2 (cot™'2) = =

[5] - (sec™'2) = —==

[6] & (esc™'z) = ——= (H.W)

1

oA 1N
Proof [1] : dz(sm Z)‘m

2 (~itog [iz + V1= 7))
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. —2z
_i(l+2m>

iz +V1—22

Zl
__ N1-22

iz+V1—22

o N1—z224z 1
CVi-2(iz+V1-22) V1-22

Proof [3] : %(tan‘lz)z !

1+2z2
d (1l [1+izD
dz \2i °9 1—iz

l( (1-iz)i—(1+ iz)(—i))
i

1—

(1—iz)?
1+iz
1—-iz

1 itz+i-z
C2i (1+iz)(1—iz)
B 20 1
S 2i(1422) 14 z2

Hyperbolic trigonometric functions

. Z-e™? eZ4+e %
sinhz =

,Co0Shz =

[1] cosh?z — sinh?z = 1
Proof:

cosh?z — sinh?z

(ez + e‘Z)Z (ez — e‘Z>
B 2 2
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e?2 4 24+ e7%2%2 22 _ D 4 o722

4 4

_¢922+2+e‘zz—ezz+2—e‘zz_4_1
— 7 =.=

[2] cosh(—2z) = coshz

[3] sinh(—z) = —sinhz

[4] sin(iz) = isinhz

[5] cos(iz) = coshz

[6] coshz = cosy sinhx + isiny sinhx

[7] sinhz = cosy sinhx + isiny coshx

[8] |cosz|? = cos?x + sinh?y

[9] | sin?z| = sin?x + sinh?y

[10] |sinhz|? = sinh?x + sin®y

[11] |coshz|? = sinh?x + cos?y

[12] sinh(z; + z,) = sinhz,coshz, + sinhz,coshz;
[13] cosh(z; + z,) = coshz;coshz, + sinhz,sinhz,
[14] cosh(z + 2mi) = coshz

[15] sinh(z + 2mi) = sinhz

Example(17-2): Proof that

[1] sinh? g = %[coshz —1]

Solution :
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z  _z]? AN -z
smhzgz 82222 :zcﬂ) 1+(ez)

2 2

et —2+4+e % 1

= 2 =3 [coshz — 1]
[1] cosh? g = %[coshz + 1] (H.W)
Example(17-3): Evaluate
[1] sinh ;ni
Solution : sinhz = ~=4—

E. _E.
- m. ez —e 2" 2
sinh — 1= 5 =5 =1

[2] sinh(1 + mi) (H.W)

Example(17-4): Solve the equations :

1

[1] coshz = E
Solution : coshz = efre™
e‘+e % 1 - 1 .
—_———— = —_— =
2 2 ¢ Tz

e’ —e?+1=0 ,z=x+yi

_—bix/bz—4ac_1$\/1—4
B 2a B 2
_1FV-3 1FV3i

B 2 2

VA

e

eZ
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1= ) +(5) -

eX=1=Ihne*=n1 =>x=0

Arg(e?) = Imz + 2kn

2 11\/5 _ =>T[_

.y ==+ 2k
..y—3 VA

s
Zz=x+yi= (§+2kn)i
[2] tanhz = % (H.W)
Derivative of hyperbolic trigonometric functions

d , . .
[1] — (sinhz) = cosh

d .
[2] — (coshz) = sinhz
[3] < (tanhz) = sech?z

dz
[4] < (cothz) = —csch?z

dz
[5] % (sechz) = —sechz tanhz
[6] % (cschz) = —cschz cothz

Inverse hyperbolic trigonometric functions

[1] sinh™1z = log|z + Vz2% + 1]
[2] cosh™tz = log|z +V z2 — 1]
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-1. _ l 1+z
[3] tanh™ 'z = > log [—1_Z]

1, = 1104 22
[4] coth™ z = 5 log Z_i]

[5] sech™1z = log [H iz _1]

1+V 1422

V4

[6] csch™1z = log [

Example(17-5): Find the value of the following

[1] sinh~1i

Solution :

sinh™z = log |z ++/z% +1]
sinh™ti = log |i +Vi2 + 1]
= log|i + V-1 + 1] = logi
- logi = log(1) + (g + 2k i = (g + 2kn)
[2] cosh™ =i (H.W)

113




.\#JQ\JAS&J_J_e:J\AS‘—i

AN Ua yal) pde dualdl) 5 pualaall 1 3a82a JIga

Complex analysis (lecture 15)

- The exponential function 4s¥) dlal
- The logarithm A4sai & sl adjal)
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- The exponential function 4sw¥) 4

e? = exp(z) = XMV = ¥, e¥' = e¥[cosy + isiny]

Example(15-1): Expressinthe form  x + yi

[1] el+%i

Solution :

[2] ez+3ni

Solution :

[3] ez+7‘ti

Solution :

TT.
el e6
. [ 7T+__ TL']_ \/§+_1
=elcos—+isinc|=e|l—-+i5
— \/§+e
—f Ty
eZIQSni

= e?[cos3m + isin3m]
= e?[cos(3m — 2m) + isin(3m — 2m) ]

=e?(—1+0) = e?

z Tl

e?.e
= e?[cosm + isinm]

= —e
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[4] % (H.W)

Proposition(15-1): Let z = x + yi then

[1] ezl+Zz — ezl.eZZ

212, — &
[2]81 Z_eZZ

[3] le”] = e*

[4] arg(e?) = Imz + 2kt , k€ z
=y + 2km

[5] (e®)*=e™ ,nez

[6]e? +0 VzeC

[7]2 [e?] = e*

dx
[8] eZ is analytic function an entire function

Proof: [3]

|ex+yi| — |ex_eyi| — |ex| |eyi|

= e¥|cosy + isiny| = e*\/cos?y + sin?2y = e*V1 = e*¥
Proof: [1]
821+Zz — ezl_ezz
Ine?1t%2 = [n(e?1,e%2)
71 + z, = lne”t + Ine?2
Z1+ 2, =21+ 2,

Example(15-2): prove that e? = eZ let z = x + yi
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Proof:

(e?) = (e*™) = (e*.e¥) = (e*.e”")
=eX eV =XV =¢?

Example(15-3): Solve the equations

[1]e? =1+ 0i
Solution: |e?| =|1]| =1
e* =1= Ine* =Inl
x=0
arg(e?) =y +2kn ,k€ez

y =arge? + 2km
0
y = arg(1) + 2km = tan™?! (I) + 2km

y =0+ 2kn = 2knt
z=x+yi=2kni , k €z
[2] e = 1+ V3i
Solution : |e?| = |1 + V3]
e* =2 = Ine* = In2
x = In2

y = arge? + 2km
V3
y = arg(1 + V3i) + 2kn = tan™? (T) + 2km

T
= §+2k7’[,k€2
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zZ=x+yi
1
Z=ln2+(§+2k>m’, k €z

[3] e%” = i
Solution : |e*?| = | i|
et =1 = ne** = In1
4x =0

4y = arge*” + 2kn

1
4y = tan~? (6) + 2km

T
4y = E+2k7‘[

=k

Z=x+yi

1
z=(§+2k)ni , k €z

[4] 2¢7 = 4i  (H.W)

- The logarithm 4z sit 4ljal)

logz = In|z| + i(Argz + 2km) ,k €z
= In|z| + iargz

Example(15-4): find

[1] log(1)
Solution : In|1| + i [Arg(1) + 2kn]
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0
= Inl+i ltcm‘1 (I) + an]

=04 i[04+ 2kr]
=2kmi ,keEz
[2] log(—1)
Solution : In|—1| +i[Arg(—1) + 2kn]

0
= Inl+i ltcm‘1 (—1) + an]

=0+ i[mr+ 2km]
=(1+4+2k)ni ,kez
[3] log(V3 +1i)

Solution : In|v3 +i| + i [Arg(V3 + i) + 2kn]

1
= In2+i ltan‘1 (—) + ZkT[]
V3

- ln2+i[%+2kn]

1
=[n2 + <g+2k)ni k €z

[4] log(1 + i) (H.W)

Definition (15-1): The principal value of the logarithm of a
nonzero complex number z , logz is defined to be

Logz = In|z| + iArgz
Example(15-5): find

[1] log(—1)
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Solution : In|—-1| +i Arg(—1)
L _4( 9
= [nl + itan (—1>

=0+im
= i
[2] log(—1 + i)

Solution : In|-1+i|+iArg(—1+1)

1
= InV2 + itan™! (_—1)

(0
=Inv2-i-
nv2 i 7

[2] log(—i) (H.W)
Remark(15-1):

[1] Log z is a function
[2] logz = Logz + 2kmi, k €z

Example(15-6): solve the equations

[1] logz = 1

Solution :

[2] logz = %i

Solution :
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T T
Z=COS—+lSan

1 N 1
z=—+—=i
V2 W2
[3]logz=1+§i (H.W)

Proposition(15-2): Let z,; and z, be two nonzero complex
numbers , then

[1] log(z,.2z,) = logz, + logz,
[2] log (z—:) = logz, — logz,
[3] logz™ = nlogz

[4] - [logz] = -
Proof: [1]
log(z,.2,) = In|z,.2z,| + iarg(z,.z,)
= In|z,|.In|z,| + iarg(z,.z,)
= In|z;|.In|z,| + iargz, + iargz,
= In|z,| + iargz,.+In|z,| + iargz,
= logz, + logz,

Example(15-7): prove that z"* = e™%9? n ez

Solution :

entodz = em|In|z| + i[Argz + 2kmi]]

— enlnlzl_ eni[Argz+2kn]

n . .
— elnlzl _eniArgz eka
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_ |Z|n(eiArgz)n_ (D

— [|Z|.eiArgZ ]n — N

Example(15-8): Show that logi® # 3Logi (H.W)
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Complex analysis (lecture 14 )

- Harmonic conjugate (&8s (38 sl
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- Harmonic conjugate 28 sil) (38 al)

Al ) cumy sl g w00 vOGY) - cals 1)
B8l s VOO A ety f(2) =ulx y) +iv(x, y)
u(x,y) dlal ) sl

U, Y) aslra sl ¢ jall OIS 13 Ja il gas

Uex T Vyy = 0 458 galiall o) cadi — |

058 MO 8y dlla s ¥ Ay Ll 'Y T T
X A

X Al 2 b8 ) =i 3l - 3

W) s g pages 0= Ty g

0555 in 2 o8 i b s (Sl oy MO Qs 5
v(x,y)

f2) =ulx,y)+iv(x,y) Qo< 6

V(Y o lae adall o 5all GIS13 Ja il glas

Ve + Uy = 0 250 g0 o) s — ]

u}ﬁg(})uﬁjjﬁ\ﬁ .. .jx é‘". 'XQQJAQHF:_I& _2

Y At
VoM Ay 2 68 ) il 31l - 3

g(}fhéjegw.dﬂj Uy =~V _4

0555 i 2 o8 il b 4 (S il sy T 0D Qs s
u(x,y)
f@ =ulx,y) +iv(x,y) g a<— 6
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Example(14-1): construct an analytic function where real part
is u(x,y) = e* cosy + x* —y?

Find the harmonic conjugate y(x, y)
1)
u, = e* cosy + 2x Uy, = €% cosy + 2
U, = —e” siny — 2y Uyy = —e* cosy — 2

Uy T Uyy = ¥ cosy+2+—e*cosy—2=0

28) g5 A 1)
2)
vy, = U, = e*cosy + 2x
V= j(excosy + 2x)dy + h(x)
v =e*siny + 2xy + h(x) ........ (*)
3)
v, = e*siny + 2y + h'(x)
4)

e*siny + 2y + h'(x) = e*siny + 2y
h'(x) =0=

fh’(x) =j0dx

h(x) =04+ c¢ = h(x) =c in (%)

5)
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~v=e*siny+2xy+c
= f(2) =ulx,y) +iv(x,y)
f(z) = e*cosy + x? —y? + i(e*siny + 2xy + ¢)
= e*cosy + x? — y? +ie*siny + i2xy + ic
= [cosy + isiny] + x? — y? + 2ixy + ic
=e¥. eV +z%+ic
=X 4+ 22 +ic
=eZ+z%+ic

Example(14-2): find out the analytic function having the real
partas u(x,y) = 2x(1—y)

Solution :
1)
Uy =2(1-y) Uxy = 0
u, =2x(-1) Uyy =0
Uy T Uyy = 0
A8 g5 Adlall 1)
2)
Uy = Uy =2—2y
v= j(Z —2y)dy + h(x)
3)

v, = h'(x)
4)
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Uy = — Uy

h'(x) = —2x(—1) = 2x

jh’(x) =j2xdx

h(x) = x>+ ¢ in (%)

5)

cv=2y—y*+x*+c
~ f(2) =ulx,y) + iv(x,y)
f@ =2x(1-y)+i(2y —y* + x> +¢)
= 2x — 2xy + 2yi — y%i + x%i + ic
= 2x + 2yi + (x%i — y*i — 2xy) + ic
= 2(x + yi) + i[x? — y? — 2ixy] + ic

=2z + z% +ic

Example(14-3): find out the analytic function having the
iImaginary parts as

[1] v(x,y) = 2y(x+1) [2]v(x,y) =2xy (HW)
Solution : [1]

1)

2@l 3 adlall 1)
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2)

3)

4)

5)

ux=uy=2x+2

u= f(Zx + 2)dx + g(x)

u=x24+2x+g®) ... (»)

uy =g'(y)
uy - - vx
g'(y) = -2y

j g )dy = j —2ydy

g =—y*+c in(x
su=xt+2x—y*+c
~ f(2) = ulx,y) +iv(x,y)
f(2)=x*+2x—y*+c+i(Rxy + 2y)
=x2 —y% + 2ixy + 2x + 2yi + ¢

=2z24+2z +¢
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Complex analysis (lecture 13)

Entire function 4sh 44

Singular point 33L&l dadil)
Isolated point 4 g jeall dkiil)
Harmonic function 4. s J) sal)
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Entire function 4ulsl) 4)al

Definition(13-1):

If a function f(z) is analytic at each point the entire finite
complex plane . then f(z) is called an entire function .

Example(13-1): Show that f(z) = cosxcoshy — isinxsinhy

IS an entire function .

Solution :
u = cosxcoshy ,v = —sinxsinhy
U, = —sinxcoshy v, = —cosxSinhy
u, = cosxsinhy v, = —sinxcoshy
Uy =V, and Uy, = — Uy
f'(z) = —sinxcoshy — icosxsinhy
Ohar) (o35S gl gaa Al

~ fis entire function

Example(13-2): Let f(z) = 2xy + i(x? —y?) isan entire
function?

Solution :
u =2xy ,v =x%-—y?
U, = 2x Uy = 2X
U, =2y vy = —2y

Uy F Uy and Uy, F — Uy
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sty (o8 a5 s (33 Y Al
-~ fis not entire function

Example(13-3): Let f(z) = x%+y+i(y?—x) isan entire
function?_(H.W)

- Singular point 33L&l dadit)

Definition(13-2):

If a function f(z) fails to be analytic at a point z, but is analytic
at some point in every neighborhood of z, then z, is called a
singular point .
ALE e AN Jead ) ddadil) 4 s3LE] ddadil) ol (o) AlNall 33LG ddads e
. LJ}J;AS\ J\J;j\ (A LAY ddaail) EE ngﬂ\ J\j;j\j At

Example(13-4): find the singular points of the functions

[l f@= —
Solution :
1—-z=0=2z=1

BALAY) ddasil) _a
2 f() = ;5
Solution :

z(z?+1)=0

either z = 0
or 2z’ 4+1=0=>2z’=-1=2z=Fi

0,i, —i A kil s3L)
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z%2+1

[3] f(Z) - (z+2)(z%2+2z+1) (H.W)

Isolated point (4 =) 4 5 jeall Jalaal)

If f is analytic in at least one deleted nbd.

OS5 F0 N jhea aa g oS ailE Adads P00 ClilS 13 Al jaa Adadil) e
20 )ac adalis (pe dai JS & Aglilas A1)

Harmonic functions 4.l &l J) sall

Let h(x,y) be real function is called harmonic if

d%h N 0°h 0
ox = dy?

the equation is called Laplas equation >

Example(13-5): prove that the function

f(x,y) = e*cosy is Harmonic function .

Solution :
of . 0%f o
a—e cosyzﬁ = e*cosy
g = —e¥*siny = az—f = —e*cos
dy Y dy? Y
0% 0%
a—x]; + a—y]; = e*cosy —e*cosy =0

3 53 A A 13

Example(13-6): prove that the function

f(x,y) = 2x — x3 + 3xy? is Harmonic function
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Solution :
of 0%f
— =2—-3x“4+3y*- =>—= =—6
0x x® y* Jdx?2 x
a 2
f—6xy=>—f=6x
dy dy?
0%f 0*f
w+a—3]2=—6x—6x=0

daad) o5 Ay A Y
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Complex analysis (lecture 12 )

- Cauchy Riemain equations in polar coordinates (s dlaxa
Al dipally (e
- Analytic function 4sidadl) 4
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Cauchy Riemain equations in polar coordinates (oS 4alaa
Agalall) dipally Clay

Definition(12-1):

If a function f(z) is differentiable at a point z, , then there is a
pair of equations called Cauchy Riemain equations must
satisfied in Cartesian coordinates at a point z,.

f(2) =u(r,8)+iv(r,0)
1 1
U, = ;U@ and v, = —;ug
Then
f'(2) = e u, +iv,]

1
z

Example(12-1): f(z) =

Is the function satisfy the Cauchy Riemain equations in polar
coordinates ?

Solution :

cosO — isinf

fz) = r(cosO + isin@) cosO — isinb
cosf — isin6
f(z) =
r
() = cosf isin@
f(z) = r r
cosf sinf
u(r,0) = ,v(r,0) = ———
r r
cos6 sin@
U, = — v, =

r2 r2
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sin6 cosb
1
LUy =;v9 and v, = —;ue

Al Rl (s 58 oy 3 Al
f,(Z) = e—i@ [ur + ivr]

o N _ig| cos@  sinb
Fo)=e? |-+ i

.0
Example(12-2): Let f(z) = +/re'z Is the function satisfy the
Cauchy Riemain equations in polar coordinates ?

Solution :
0 0
f(2) = r lcos 3 + isin E]

0 6

f(2) = Vrcos 3 + \/Fisini

0 0
u(r,0) = \/FCOSE ,v(r,0) = \/?isini

o g
5 _COSZ ’ =SlTl2
T 2\/; T 2\/;
.81 Vr o8
Ug = 'rsmz.z— ZSlle
6 1 r 0
Vg = T'COSE.Ez 7COS§
0
TCOSi COS?
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Adadll Arpally Glay )y (2458 da gl 3aa3 A

f'(@) = e *u, + iv]

COSQ sinQ
i 2, - 2

"(z) = e + i
f@ PN

- Analytic function 4sldadl) 4)a)

Definition(12-2):

Suppose f(z) is defined on a domain D , suppose z, is a point
of D. Then f is said to be analytic at z, if f is differentiable
not only at z, but also differentiable at each point of some

€ —nbhd of z,.

Example(12-3): Show that f(z) = é is analytic at z=1

Solution :

flisexistV z € C — {0}
flisexistVz:|z—1| <%
<~ fis analytic at z=1

Example(12-3): Show that f(z) = |z|? is not analytic at z=0

Solution :
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f(z) = x* +y?

u(x,y) =x*+y* ,v(x,y)=0

U, = 2x v, =0
Uy =2y vy, =0
Uy F Uy Uy = —Vy

sty (58 a5 b (33 Y Al
~ fis not analyticat z = 0

Example(12-4): Let f(z) = e*[cosy + isiny]

Is the function analytic function ?

Solution :
f(z) = cosy e* + isiny e*
u(x,y) =cosye* ,v(x,y)=sinye*
u, = cosy e”* v, = siny e*
u, = — e*sinx v, = e*cosy
Uy = V) Uy = —Vy
Olat)y (o458 da g 3aa3 Al
f(@) = uy + ivy
f'(z) = e*[cosy + isiny |
R ERAPARNERRIR

~ fis analyticVz € C
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Example(12-5): Show that f(z) = (2_12)2 is analytic in
S ={z:|z| <1}
Solution :
)= - ——
(z - 2)?

(z—=2)2=0=2=2
flisexistvVz € C— {2}
flisexistvz €S
~ fis analytic VS

Remark (12-1): A function f that is analytic in a set S which is
not open it is to be understand that f ia analytic in an open set
containing S.

Example(12-6): Show that f(z) = é is analytic in
S={z:|z—1| < %}

Solution :

flisexistV z € C — {0}
flisexistVz €S

~ fis analytic VS
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Complex analysis (lecture 11 )

Derivatives d&idall

- Cauchy Riemain equation ey & sS Ailaa
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Derivatives :

Definition(11-1):

Let f be a function and let z, be an interior point of the domain
of f . The derivative of f at z, written f'(z) or % f(2)

) — tim T ICO) _f+82) — )

Z—Z Z—2Z Az—0 Az

Example(11-1): Find f'(z2) if f(z) = z? +z+ i

Solution :

f(z+ Az) — f(2)

1) = s

Az
N = T (z+A2)?*+(z+A2)+i — (z2+z+10)
f(Z)_Azlmo Az

Z2 4+ 2z20z+ Az +z+ Az +i — 22—z —i

- Alzlmo Az
_ 2z0Az + Az? + Az
= lim
Az—0 Az
o Az[2z4+Az+ 1 ]
= lim
Az—0 Az

= lim 2z+Az+1=2z+1
Az—0

Example(11-2): Show that if f(z) = Re(z) then f'(z) does
not exist.

Solution :

f(z+Az) — f(z)
Az

)= i,
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Re(z + Az) — Re(z)
Az

@)= jim,

Re(z) + Re(Az) — Re(2)

Az—0 Az
_ Re(Az)
= lim ———
Az—0 Az

let Az = Ax + iAy

3 _ Re(Ax + iAy)
T ray)h00) Ax + iAy

( Ax

am A =L

/ _ X—

@ —i L
sy Dony

f'(z) does not exist.

Example(11-3): Show that if f(z) = zthen f'(z) does not
exist.

Solution :

f(z+Az) = f(z)
Az

)= i,

Z7+Az — Z
Az

f'(z) = lim0

Az

_ Az
=l Az

let Az = Ax + iAy
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_ Ax — iAy
= lim ,
(Ax,Ay)—(0,0) Ax + iAy
Ax
lim —=1
’(Z) . Ax—0 Ax
= im —2Y 4
kAg}EO Ay a

f'(z) does not exist.

Example(11-3): if f(z) = 2x + i3y show that f’(z) does not
exist at z,. (H.W)

Definition(11-2):

If a function f(z) is differentiable at a point z, , then there is a
pair of equations called Cauchy Riemain equations must
satisfied at a point z,.

f(2) =ulx,y) +iv(x,y)

Uy = 1), and U, = —Vy

Example(11-4): f(z) = x2 —y? +i2xy

Is the function satisfy the Cauchy Riemain equations ?

Solution :
ulx,y) =x*—y* ,v(xy) =2xy
U, = 2x Uy = 2y
U, = —2y vy = 2X
Uy = 1) Uy = —Vy
oty o35S Ja sy (s AN

f'(2) = uy + ivy
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f'(z) =2x +1i2y

Example(11-5): Let f(z) = |z|? Is the function satisfy the
Cauchy Riemain equations ?

Solution :
Letz=x+1iy
f(z) =x*+y%+0i

ulx,y) =x*+y*> ,v(x,y)=0

U, = 2x v, =0
Uy = 2y vy, =0
Uy F 1y Uy, # —Vy

Oeat 58 Ja g 5k (3in3 Y A

Example(11-6): Let f(z) = Z Is the function satisfy the
Cauchy Riemain equations ?

Solution :
Letz=x+yi = Z=x—yi
f(z)=x—yi
uley) =x ,v(xy)=-y

u, =1 v, =0
u, =0 vy, = —1
Uy F Uy Uy F —Uy

ety oS g i (38a3 Y Al

Example(11-7): Let f(z) = —sinx coshy — icosx sinhy
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Is the function satisfy the Cauchy Riemain equations ?

Solution :
f(z) = —sinx coshy — icosx sinhy
u(x,y) == —sinx coshy ,v(x,y) = —cosx sinhy
U, = —coshy cosx v, = Sinhy sinx
U, = —sinx sinhy vy, = —cosx coshy
Uy = Vy Uy = —Vy
Ola)y (o sS Ja g i (383 AN

f1(2) = uy + vy

f'(z) = —coshy cosx + isinhy sinx

Example(11-8): Let f(z) = e*

Is the function satisfy the Cauchy Riemain equations ?

Solution :
f(z) = cosy e* + isiny e*
u(x,y) =cosye* ,v(x,y) = sinye*
u, = cosy e* v, = siny e”*
u, = —e*sinx v, = e*cosy
Uy = V) Uy = —Vy
Olaty (4558 da gy 3aa3 Al

f'(z) = u, + iv,
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f'(z) = e*[cosy +isiny ]
Example(11-9): Let f(z) = 3x+y+i(3y —x)

Is the function satisfy the Cauchy Riemain equations ?

(HW)
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Complex analysis (lecture 10)

- Continuity 4l i)
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Continuity

Let £ (z) be a function defined in some neighbourhood of the
point z, . Then f is said to be continuous function at z,iff

lim,_,;, f(z) = f(20)
Thatis, f(z) is continuous at ziff

Ve>036>0 3|f(2) —f(zp)l <ewhen|z—2zy| <&

Example(10-1): f(z) = z?%iscont. function at the point
zy = 3 since .

Solution :

limz%2 =9
Z—3

fB)=9
lim f(2) = £(3)
~ f is cont.

Example(10-2): prove that f(z) = z + 1iscont. function at
the point z, = 1 by definition .

Solution :
Ve>038>0 3|f(2) —f(zg)l <ewhen|z—2zy| <6
z+1—-f(1)| <ewhen|z—-1|<§
z+1-2|<ewhen|z—-1|<§
|z—1| < ewhen|z—1| < §
€eE=0

~ f is cont.
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Example(10-3): Let f(z) = j—: IS f cont. ? at the point
z = 3isince .

Solution :
Z—i=0=>z=1i
D:C - {i}
y z+i 3i+i 4
iz —1 3i—i 2
f(3i) =2
lim f(z) = f(3i)
z—31

~ fis cont
-
Example(10-4): Show that f(z) = Z—2%is f cont. at the
pointz =i
Solution :
z=20
D: C — {0}
' z2—iz+4 *-ii+4 -1+1+4
=z i N i
4 —i ,
== .— = —4i
I —1
fCD) =—4i

lim £(2) = £(1)

~ fis cont
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2 .
Example(10-5): Let f(z) = {Z 27 s f cont. at the

0 ,Z =1
pointz =i? .
Solution :
2 _ ;2 _ _
limZ =i“=-1
VAnd
fG)=0
lim f(z) # f(0)
Z—1
~ fisnotcontatz =i
z%+1 +
Example(10-6): Let f(z) = { i 2 Y show that f
—2i ,Z = —I
IS cont. at the point z = —i
Solution :
y zZ2+1 7% —i
zgr—li z+i  z4i
(z=-Dz+1) . . .
lim , =—i—1=—-2i
z——i Z+1
f(=0) =2

lim f(2) = f(0)
~ fiscontatz = —i

Theorem (10-1): A function f(z) = u + iv is continuous at the
point z, = x, + y,i iff the functions u and v are continuous at
the point (xq, vo).

Theorem (10-2): If f(z) is continuous at the point z,, then
|f (2)| is also continuous at the point z,.
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Example(10-7): Let f(z) = x% —y? + ixysinx show that f
Is cont. at the pointz =0 .

Solution :
Z=x+yi

lim 2 + ixysinx
) [(x* —y?) + ixysinx]

2 2 . . .
= +i lim xysinx
(xy)—>(0 0) (x y) (x,y)—(0,0) y
=04+i0=0
f(0)=0

~ fis cont

zZ
Example(10-8): Let f(z) = {? z# 0 IS f is cont. at
0 ,Z=20
the point z = 0?

Solution :

Z
lim —
Z— Zg
X —yi
lim ,
(x,y)—(0,0) X + Yl

X 1

lim T~
(x,y)—(0,0) X
-y

lim ——=-1
(xy)—(0,0) Y

flo)=0

~ fisnotcontatz=o
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Example(10-9): Let f(z) = {x2+3’2

Is cont. at (x,y) # (0,0)? .
(H.W)

Xy

0

61
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Complex analysis (lecture 9)

Zg = X9t Yo L}A@J’fﬂ&,}&\
Ll W) aie Al
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Theorem (9-1) : If f(x) = u(x,y) + iv(x, y) then is defined
at all points in some nbhd of a point z, = x, + iy, and

w = w; +iw, the :
Lim,_,, f(2) =w & limgy,)_(x,y,) X y) = wy

lim v(x,y) =w
(%)= (X0.Y0) (,y) = ws

Example(9-1):  Show that

limz_,l_i(x +i(2x + y)) =1+1i ,z=x+yi
Solution : = limyy;1-1y(x + i(2x + )

=1+i2(1)—-1) =1+

Example(9-2): If f(z) = ; find lim,_,, f(2)

Solution : Letz=x+yi thenZ =x — yi

_ _ X+ yi
lim - = lim , ,
z—1zZ+ 7z x+yi—»10) x+yi+x —yi
_ X+ yi
= lim
x+yi—(1,0) 2 x
~1+0 1
21 2

Example(9-3): Find lim(iz — 3)

zZ—1

Solution: Letz=x+yi thenZ =x — yi

lim(iz—-3) = lim (i(x —yi) — 3)

z—l1 x+yi—(0,1)
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- x+yli1—>m(0,1) (y -3+ xl)

=(1-340)=-2

Example(9-4): Find lim

z—i 1—Re(z)

Solution: Letz=x+yi thenz=x —yi

. 1 . 1
T " Re()  x+vition 1—x

1
:—:1

1-0

z%2+7-3

Example(9-5): Find lim

z—1+1i zZ+1

Solution : Letz =x+ yi

z2+z-3 (A+)*+0+i)-3

AT 1+i+1
2i+i—2 —2+3i 2—i

T T 211 241 2=
—4+2i+6i+3 -1 8

B 4+1 5 75

Example(9-6): Find lim il

zZ—1i Z—1

(H.W)

Al Wl aie Al

Remarks: = =0, Z=o
0 0

Example(9-7): Find the limits:

[1] lim

z—1 (z—1)3

. . 1 _ l _
Solution : = T
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. 1
[2] lim,_,g 7

. . 1 1
Solution: lim, ,o+-=<=0=1L; (=

1 1
ZJP%‘Z 0 2 2
~ L # L,
1 .
~ lim — is not exist
z—0Z
. 1
[3] llrrlZ—:ol+ ;
Solution : = lim,_,;+ :11 = % = o0
. 5z
[4] lim —?1 — (HW)
. 1
[5] 11rnz—> 0~ .3
Solution : = lim,_, (- Z—13 = % = —0o0

Example(9-8): Find the limits:

. 2z+3
[1] lim ] ~z
z— o0 3Z+2
: 2 L2
Solution: = lim %% = lim Z — 2
- z— o —4- z— o 3+ 3

aally Ll el Jabaa e oy Gl et dale sidaad

ol 5 pliall 8 Y1 (5 g Als 8 -]

: 1+6z
[2] lim ]+z
z— oo Z—2
1,62 1.6
Solution: = lim &% = lim £2—=6
Z— 00 ——— zZ— oo ——1
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: 2z2-7z+3
[3] lim ———— ]+ 72
z— 00 3z2+5z+1
2z2-7z+3 , 7.3
- : 2 : -2tz 2
Solution: = lim —*—— = lim —%% = =
z— oo 32715241 Z— 0 3+=+— 3
72 z z
5
: z5-7
[4]  lim - | @w
z— 00 —7z°+1

éo&ﬁyﬁjd)ﬁ\&MM\&JJUA}S\RM\:\AJA@S\J\ -2
L]l
e

Example(9-9): Find the limits:

3
. Z°+7z+6
[1] lim ———— ]425
z— 00 Z°+2Z4+4+9
z347z+6 1.7 6
. . 5 . 217 47’5
Solution: = lim —%5— = lim =—“2-“%=-=0
zZ— o0 22122749 z— 0 1+o+—¢ 1
75 z3 25
. z
[2] lim ——— ]+Z4
z— 00 2z%+5
z 1
. . oy . 3 0
Solution: = lim %5 = lim % =-=0
Z—> 00 2L4 z— oo 24— 2
Z Z

P s dayn S o andid alial) As j e ) laial) dAs ja K1Y 13
Leal)
e

Example(9-10): Find the limits:

2
) z2 +1
[1] lim ] -~ 7
z— o0 2Z—1
Z2 1 1
. ] 7+E . Z+E 00
Solution: = lim —2—% = lim = 2 = o
Z— 0 P Z—> 00 1—2 1
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4
2] lim SZ.tz+2 ] - 2
Z—>— 00 7247
3z%+ z+2 z 3z% 2
- s 22 T 72 72 ' g2 _
Solution : = ZE)r_noo —5 o = le)moo I
z2 z2 ' 72
osalldlls 44
Example(9-11): Find the limits:
) V222 +4
[1] lim —— =z
Z—> 00 Z—5
272 4
. . 2 2 . 2 2
Solution: = lim —=—= = lim — = V2 _ V2
- Z— 00 == Z— 00 =2 1
zZ Z VA
3z
2 lim —2 ]+z
[ ] z—s 00 V4z2 +2
3z
) . — . 3 3
Solution: = lim ——— = lim —— =—
- Z—> 00 472 2 Z—> 00 4+£ 2
z2 T2 z2
Abstruct:
a
[1] lim == =2
Z—> 00 nz n
a
[2] im =—=0, b>a
Z—> 00 TLZb
a
[3] lim == o, a>b

7— 00 nzb
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Complex analysis (lecture 8)

Limits by definition i sl aladialy 4l 4al)
Zg = X9t Yo (e AR Alad)
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Definition(8-1) : suppose f is defined at all points in some
nbhd of a point z, by the statement that lim,_,,  f(z) = wy

Ve>036>0 3|z—25| <6 = |f(2) —wyl <€

Example(8-1): If f(z) = %Z is defined on |z| < 1 prove that
iz

lim,_,,, = == by definition .

Solution :
Ve>03>0 3|z—25| <6 = |f(z2) —wyl <€

z 1 < | 1] <6
5 5 € ,|Z

iz i) lillz=1]

2 2|1°°¢ 2 ¢
|z — 1]

= > <e=|z—-1| < 2e¢

Example(8-2): If f(z) = % is defined on |z| < 1 prove that

lim,_,, % = ‘5 by definition .

Solution :
Ve>035>0 3|z—25| <6 = |f(2) —wpl <€

iz” i< | 1|1 <6
2 2| S°¢
iz? i li|]|z% — 1] -
2 2 2
|1z — 1]||z + 1|
> <e=|z—-1|< €

O
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Example(8-3): prove that lim,_,,; z2 = —4 by definition .

Solution :
Ve>035>0 3|z—25| <6 = |f(z2) —wyl <€

|22 +4| <€ ,|z—2i| <6
z2+ 4| <e = [(z-2D(z+2])|<e
= |z = 2il|lz+ 2i| <€

= |z — 2i||4i| <€

= | 2'|<E
z— 2i 2

Example(8-4): prove that lim,_,;.; (2z—3i) = (2—1i) by
definition .

Solution :
Ve>036>0 3|z—25| <6 = |f(2) —wyl <€

2z2=30) - 2= <€ ,lz—(1+0)| <6
122—3i—2+i|<e = [2z—2-2i|<e
= [2(z—(1+0)| <e
= 2lz—(1+1i)| <€

€
ﬂlZ—(1+l‘)|< E
.5_6
o _2

=

Z—

Example(8-5): prove that lim,_,;,4 = 2 by definition .

N
N

Solution :
Ve>03>0 3|z—25| <6 = |f(2) —wyl <€
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z—1
—2‘<e |z—3] <6
z—2
Z—1—22+4‘< 3—Z<
Y
z—2 € z—2 €
|—(z = 3)|
= — <
z—2] ~°
IZ—3I<
1 €

= |z-3| < €
0 =¢€

z%2+1

Example(8-6): prove that lim,_,_; = — 2i by definition

(H.W)

Example(8-7): prove that lim,_,;.; x + (x + 2y) = 2i by
definition .

Solution :
Ve>03>0 3|z—25| <6 = |f(2) —wyl <€

lx + (x+2y) — 2i|<€e ,|z—i|<$§

lx +xi +2yi —2i|<e = |x+yi—i+(x+y—-1)i|<e
= lx+@-Di+x+y—-1)i| <e
= |x+y—-1|+|x+y—-1| <€

=2lx+y—-1|< €

€
==>|X'+'y'—ju <:E

lz—i|l<d = |x+y—-1| <6

0= €
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Limits exist

Example(8-8): Find which of the following limits exist .

[1] limz—>0§
Solution : Letz =x + yithenZ = x — yi

x +yi

Z
lim—-== lim -
z—0Z x+yi—0 X — Yyl

x+yi 04yl yi

xliLnox—yi_ O—yi_—yl'=_1=L1
lim x+yi.= x+0 =E=1=L2
y—=0x—vyi x—0 x
2Ly # Ly
Zlir%) f(z)dose not exist
[2] lim, o 2
Solution : Letz = x + yi
z? o (x+yi)? X% 4 2xyi — y?

lim —— = lim = lim
z—0 |z|?2  x+yi—0 |x + yi|? x+yi—0 x?% + y?

x? + 2xyi —y? —y?

thno x? + y? N y? =-1=h
x? + 2xyi —y?  x?
im ——— =— = 1=1,
y —0 xX“+y be
2Ly # Ly

=~ lim f(z)dose not exist
z—0
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31 tim, o (2)°
1-Z

[4] limZ_,l E

Solution : Letz =x+ yithenZ = x — yi

o 1-z _ 1—x+yi
lim = lim ,
z—11—2z x+yi—»1 1—x—yi
lim X = 1=
xgza]_—-x B -
i
lim y— = —-1=1,
y—1—yi
~ Ly # L,

lim1 f(z)dose not exist
Z—

7272

[5] lim, o ——
Solution : Letz =x+yithenZ = x — yi

72—z (x—yiD)? = (x +yi)?
lim ——— = lim ,
z—0 Z x+yi—0 X+ yi

_ x? — 2xyi —y? — x% — 2xyi + y?
= lim -
xX+yi—0 X+ yi

_ —4xyi
= lim ——
x+yi—0 X + Yyl

_ —4xyi
llm—,=0=L1
x—0 x+ Yyl

—4xyi
lim —y= 0=1L,

y—0 x+yi
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Complex analysis (lecture 7))

Functions of a complex variable 4 sl Jigal

- Real and Imaginary parts of a function

38
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Definition(7-1) : Let S be a set of complex numbers. A
function f defined on S is a rule that assigns each z € S a single
complex number w . In such case we write w = f(2).

Example(7-1): Find the Domain if

[1] f(z) =z + 3z + 2
Solution : D: C

3
[2] f(2) = =
Solution:z—3 =0 = z=3

D:C— {3}

1
zZ24+1

[3] f(2) =
Solution: z?+1=0 =z= FV/-1
z=+i

D:C—{i,—i}

Real and Imaginary parts of a function
Letw = f(z) and z = x + yi be a function and let
w = f(z) =u(x,y) +iv(x,y) Then

f(z)=f(x+yi)) =u+iv.

If z = re'® then f(z) = u(r, 8) + iv(r, 8) in polar coordinates.
Example(7-2): Write f(z) = z? in the forms

[11 f(2) = ulx,y) +iv(x,y)

[2] f(2) = u(r,0) + iv(r,0)

Solution : Let z = x + yi
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f(@) = flx +yi) = (x + yi)?
= x2 + 2xyi — y?
= x% —y% + 2xyi

z =rel®

= 12%[c0s20 + isin20]
= 1r2c0s20 + r?%isin20

Example(7-3): Write the functions in the form

f(2) =u(r,0) + iv(r,0)
[1] f(2) = 22% — 3z +i
Solution : Let z = x + yi
f(2) =2(x+yi)?—=3(x+yi)+i
=2[x?+2xyi —y?] —3x —3yi +i
= (2x% — 2y%? — 3x) + (4xy — 3y + 1)i
[2] f(z) = 2iz

Solution : Let z = x + yi

Z=x—Yyl
f(2) = 2i(x — yi)
= 2xi — 2yi?
= 2xi + 2y
= 2y + 2xi

40

saira Jlga




By Ol S an) e s AAEN A yal) daglud) 5 pialaal) @ 5a8aa J1ga

Example(7-4): Write the functions in the form

f(z2) =u(r,0) +iv(r,0)
[1] f(2) = |z
Solution : Let z = re'?

fl2) = |rei9|

= rl. ||

= r|cosf + isinf| = T'\/COSZH + sin?%6
r + 0i
21f (2) = 1
[]f z _z+1
Solution : Let z = re®®

) = 1 re?+1
fz " rel® + 1 re-i0 +1

re % +1
Cr2 4 relf 4+ reif 41

re ¥ +1
ei9 + e—i@
]

r2+1+2l

ret0 1

= +
r24+1+42rcos@ 12+ 1+ 2rcosf
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Complex analysis (lecture 6 )

Roots of complex numbers &S all saeY) jgia g s 68
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Roots of complex numbers

1 1 i[9+2kn] 1
Let zn = rne n = rn [cos

0+2km . . O0+42km
lsin

1
Example (6-1) : Find out the roots of (—1)2

Solution: z = —1 4+ 0i

r=v1+0=1

0
0, = tan™?! (_—1) = tan"1(0) =m
zZ =71 [cosf + isin0]

Z = COST + isinm

m+2kn  w+ 2km
=COST+lSln—

k=0,1

1
Z2

wherek =0

n_l_ .. T
Zy = cos— tisin=
2 2

21=0+l=l
wherek =1

37l'+ ~3m
Zy = COS — lSin —
2 2 2

Zz == O - l = _l
S ={-i,i}
Example (6-2) : Find out the cube roots of (—8i)
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Solution : z = 0 — 8i

r=+v0+64=8

0. =t ‘1(_8) _n
= tan =

1 0 2

z =1 [cosf + isin0]

z=28 [cosE — isinE
B 2 2
1 1 % + 2km % + 2km
73 = 83 |cos 3 + isin
k=012
wherek =0

7 T o T[]

Z, = 2|cos——isin—

1 6 6

V3 1. .
21=2[7—EL]= V3 —i

where k =1
5t 5m
Zy = 2 cos%—isin%
50 5m
Zy =2 [cos? — lSln?
V3 1
Zy =2 —7—51']: —V/3—i

where k = 2
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om  9n
Zz = 2 cos%— isin%
3m  3m
Zz3 =2 COS7— lSln7

23 =2[0+i] = 2i
S={2i,V3—i,—V3—i}

Example (6-3) : Solve the equation x> +i = 0,

Solution: x3+i=0= x3 =—i

x3 = COS_—T[ + iSin_—ﬂ
B 2 2
x3 = cosE — isinE
B 2 2
k=012
wherek =0
5 +2(0)m 7 +2(0)m
X1 = COST — isinT
B v/ S
X{ = CoS isin c
V3 1,
X, = > 21
wherek =1
% + 2m % +2m
Xy = COS — isin
3
5t 5n

Xy = COS— — ISIn—
6 6

35

 Balaa Jlga




D) Ol S an) e s AANEY) A sal) duudlid) 3 pucalaall 1 BaBa ) g

V3 1
xz— 5 2l
where k = 2

Ot = 9m

X3 = cos?— lSlTl?

V3 1 V3 1
S={i——=i,—— —=i}
2 2 2 2

3

Example (6-4) : Find out the roots of (V3 +i)?

Solution : z = V3 + i

r=v3+1=2
0, =t ‘1(1) "
= tan — = —

zZ =71 [cosf + isin0]

zZ =2 [cos% — isin%]

z73 =273 [cos% + isin %]_3

_1[ n_l_,_ n]

—8cos2 Lsmz

= 2| 5+ 2km %+ 2kn

Z 2 =(§) COST—iSinT
k=01

wherek =0
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1 T T
Z, = 2\/_[cos——15m4]

. 1 1
Zl:zﬁ[ﬁ_ﬁ‘lz 4 4
where k =1

S5m

Z, = ZV_[COS——lSlnT
1 1
Zzzzﬁ[_ﬁ+\/§l]

1 1
Zz=—Z+Zl
P S U S o
4 474 4
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Complex analysis (lecture 5)

- Eulers formula s 4iua
- Demoivres formula s g2 diua

26
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Products and quotients in exponential form

Let z; = e and z, = r,e'%2 Then:
[1] Zl'ZZ == rl.rzei(61+62)

[2] 2 = 2 ei(01-02)
Zy 1)

[B]==-e"® HW
VA T
Proof: [1] z; = r,e'%1 = ry[cos8; + isinb,]
Z, = 1,692 = 1,[cosO, + isinb,]

Z1.Zy = 1y.17y[c0sO;cosB, + icosB,sinb, + isinb;cosb,
— sinf,sind,]
= 1r;.1»[(cosB,cosB, — sinb;sinb,)
+ i(cosB,sinb, + sinf,cosH,)]
=1.1»[cos( 0, + 6,) + isin( 6, + 6,)]

= r;.1,e(01%02)

7,.161.91 e—192

[21 =

Example (5-1) : Letz; = 1 — i and z, = 1 + +/3i find using
Eulers formula :

[1] 2.2, [2]2—: [3]2—11 H.W

Solution: z; =1—i

n=VIT1=12
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T
0, = tan"1(-1) = —tan"1(1) = e

TT.

le\/ie_zl

z, =1++/3i
r,=v1+3=vV4=2

6, = tan™* (?) = tan~*(V3) =§n

%
Zz =2€3

[1] Zl'ZZ - Tl.rzei(91+92)

[2] Z1 _ ﬂei(91—192)
Z3 T2

Example (5-2) : Show that sin38 = Zsine — %sinBG using

Eulers formula
Solution: e'® = cos@ + isind
e™% = cosh — isinf el
e + e7% =2c0s8 ]+2
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el 4 =i
2

cosO =
e® = cosf + isin®
— e % = —cos0 + isinf okl

el — 710 = 25inf |+ 2i

plf _ =i
sinf =
20
Yl s yhal)
ei9 _ e—i@ [ 0 __ —19]
.3
sin°0 = =
[ 20 ] 23,03
310 _ 3,210 ,=10 | 3,10 =200 _ ,-3i6
B —8i
eSi@ _ 3ei9 + 3€_i0 _ e—3i9
B —8i
eBiG _ e—3i9 3€i9 _ 36—1'9
B —8i —8i
= ——sin30 + —sinf
4 4
3 i ) L 36
= —sinf — —sin
4 4

Demoivres formula :

Let z = r(cosf + isinf) Then

z™ = [r(cosO + isin@)]|" = r"™[cosnO + isinnf]

=r"rin® nez

Example (5-3) : Write (v3 + ) in the form x + yi
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Solution :

z=v3+i
r=yx2+y2=V3+1=vV4=2

0 = tan™1 (%) = tan~1 (%) =%

z =r[cosO + isinb]

= 2[cos = + isi n]
zZ = _COS4 lSlTl4

7 _ o7 AL T isi T
z' = coS — + isin—
| 6 6

V3 1
= 128[—7—151

= —64+/3 — 64i

—14++/3i
V3-i

Example (5-4) : Write z = [ ] in the form x + yi HW

Example (5-5) : prove that by Demoivers formula

[1] cos28 = cos30 — sin?6
[2] sin20 = 2sinBcos6O
[3] cos38 = 4cos30 — 3cosh
[4] sin30 = 3sinf — 4sin6
Solution: [1][2]
(cos@ + isinB)? = cos?0 + 2isinfcosO + i*sin?0

c0s260 + isin20 = cos?6 — sin?0 + 2isinBcosO
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[2] sin260 = 2sinfBcosb
Solution: [3][4]

(cosB + isinf)3
= c0s360 + 3c0s?0.isin6 + 3cosH.i%*sin’0
+ i3sin30

(cos36 + isin36)
= c0s360 + 3icos?0.sinf — 3cos6.sin*6 — isin30

~ c0s360 = cos30 — 3sin*OcosH
= c0s30 — 3(1 — cos?6)cosO
= c0s30 — 3cos0 + 3cos30
= c0s360 = 4cos30 — 3cosh
sin30 = 3cos?0sinf — sin30
= 3(1 — sin30)sind — sin30
= 3sinf — 3sin30 — sin30

= 3sinf — 4sin30
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Complex analysis (lecture 4 )

- Polar coordinates 4wkl diyall

- Eulers formula _b sl dasa
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Polar coordinates 4wl dauall

Let r and 6 be polar coordinates of the point (x, y) that
corresponds to a non-zero complex number z = x +
yi sice x =rcosf and y = rsinf

z can be written polar form as z = r[cos6 + isinf],r = |z| 3

r=|z| =x2+y2and 0 = tan™? G) ,0 € (—m,m],

0 = argz . The principle value of arg z denoted by Argz then
Argz = argz + 2kn, k=0,+1,+2, ...

Theorem (4-1) : Let z and w be two complex numbers. Then

[1] arg(z.w) = argz + argw
[2] arg (%) = argz = argw
[3] arg(2) = —argz = argi
Proof:
[1] Let z = |z|[cos B, + isinb,]
w = |w|[cos 8, + isin0,]

z.w = |z|.|w|[cos 6, cos 8, + i cos 0, sinB, + isinf, cos O,
— sinB,sinb, ]

= |z|.|w|[cos 8, cos 8, — sinf;sinb,
+ i(sinB, cos 6; + sinb, cos 6,)]

= |z|.|w|[cos(8; + 0,) + isin(6; + 6, )]
~arg(z.w) = argz + argw

Example (4-1): Find

20
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[1] Arg(3) [2] Arg (=3)  [3] Arg(2i) [4]Arg(—2i)
5 12

l

Solution :

[1] z =3+ 0i
Arg(3) = tan™? (%) = tan™?! (g) = tan"1(0) = 0 € (—m, 7]
[2] z= -3+ 0i

Arg(=3) =tan™1 (%) =tan 1(0) = =

[3] 0 + 2i
2 T
Arg(2i) =t ‘1(—) = —
rg(2i) an”™" |5 >
[4] 0 — 2i
—2 —T
Arg@2d) = tan (=) = =
rg(2i) an 0 >
140 1+i
Blz=1m
C1+42i-1
z = 5 =i
2 <1+i)_t _1(1) T
"I\1=) T o) T2

Example (4-2): Find argz if

[]z=V3+i [2lz=-1-i

Solution :
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[1]

Arg(z) =tan™?! (%) ==

~argz = Argz + 2km k € z
T
argz=g+2kn Jk €z

[2]
Arg(z) =tan™ (_—1> = tan"'(1) = —

T —3r
AT'g(Z) = Z—T[:T

~argz = Argz + 2km k € z

—3m
argz=T+2k7T Jk €z

Example (4-3): Find polar representation of

[1]1z =1+ V3i 2lz=1-i

Solution :

[Lr=Jx2+y2=V1+3=vV4=2

0 = tan™? (%) = tan! (?) = tan~*(vV3) =§n

~ z =r[cosf + isinb]
=2 [cosE + isin E]
- 3 3

217 =2 +yZ =VIF1=12

22
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0 = tan™? (X) = tan™~! (T) =tan"1(-1) = —tan"1(1)

. Z =1[cosO + isinf]

= \/— [COS— + isin _TT[]

=2 [cosg — isin Zn]

Eulers formula duwuil) daual)

Using the symbol e*? or exp(i®) which is defined by Eulers

formula for any value of 8 as e'? = cos8 + isinf
~z=7[cosO + isinf] = re'?

Example (4-3): if z = —1 find argument z and Eulers formula

Solution :

argz = Argz + 2kn ,k € z

Arg(3) = tan™? (%) =tan™! (%) =tan 1(0) =~

argz =n + 2k ,k € z

r=|z|=|-1 =1

Example (4-4): find polar formula

[lz=1+i [2z=+v3-i [8]lz=-1—-i HW

Solution :
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[1]r=x2+y2=1+1=+2

1 T
0 =tan~?! (%) = tan™! (I) =tan™1(1) = 7

, TT.
= rel® =/2e%"
[2]r =x2+y2=3+1=+4=2

6 = tan™? (%) = tan~! (%) = —tan™" <\/1§> B _67T

nz=re% =2¢6

Example (4-5): Express z in the form x + yi

—TT. TT. 5TT.
[1]z=2e+"' [2]z = 3e3" [3]z=—-5es" H.W
Solution :

[1] z = r[cosB + isinf]

z=2 [cos_—n+ isin_—n
B 4 4

=2 [COSTT[ — isin Tﬂ]

-5~
=2 —2i
[2]

z=3 [cos—n+ isin—ﬂ
B 3 3
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Example (4-6): Show that |e*

Solution :

z = r[cosf + isinb]

Z = cosO + isinf = et

|ei9| = | cosO + isinf| =
Example (4-7): Find ez’
Solution :
T T
|eZ = |cos > + 1Sin 5

AN A yal)

dayl ) B pdalaal) ; Bakaa ) g0

+\/§'
Zl

3V3
> i
0|=1

0

Jcos20 + sin26 =V1 =1

T
1

| = 1o+il= 14

25
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Complex analysis (lecture 3 )

Absolute value 4ilhal) 4ol

12
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Example : (3 -1) : Show that

[1] |21 — 22| = |21 — z3] + |23 — 23]
Proof:
121 — 75| = (24 — 23) + (25 — 22))|
< |7y — 23| + |25 — 75|
[2] 121 + 2,|* + |21 — 2,|* = 2(|z1]* + |22]%)
Proof:
|21 + 231% + |2 — 2, |?
= (21 + 22). (21 + 23) + (21 — 22). (21 — 23)
= (z1+23). (71 + 23) + (21 — 73). (71 — 23)
=2121 t 2125 + 2220 t 2121 — 2123 — Z3Z21 t 232,
= 22171 + 22573 = 2(|z1|? + |23]?)
[31|(2z+5)(V2 — i)| = V3|22 + 5]
Proof:

127 + 5||vV2 —

= |27 + 5| (J(x/i)z + (—1)2>

= |27+ 5[V/3

= /3|27 + 5|

Example : (3-2) : If iz? — Z = 0 find values of |z|

Sol:

iz2—7=0

13
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iz? =7 = |iz?| = |Z|

lil|z*] = |z|
li|=10+i|=/02+12=vV1I=1
2% =1z =0 = |z|(lz2]| - 1) =0
either |z| =0 or|z|-1=0=|z]| =1

Example : (3 -3) : If z lies on the circle |z| = 2 then show that r .

[1] |1z2 +2z—1| <9

[2] g

<1
7

[B]3<z2-1| <5

Sol:
[1] |22 + 2z — 1|
= |z% 4+ 2z + (—1)|
<|z|* +2|z]| + 1
<22422)+1<4+4+4+1<9
[2]

1z° — 1| = |2° + (=1)|
>||zIP—=1]=>18—-1|>7
1 1
n>k=—-—<-—-
n k

1
|25 — 1]

1
=7
[3]3<|z2—-1| <5

14
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122 = 1] = |z* + (1|
<zl + -1 < |z|* + 1
<4+1<5
W |z2 =1 €5 sk
|z2 — 1| >3
122 — 1] = |z + (= 1)|
> ||z|? — |-1]|
> ||z|* - 1
>4 —1] =3 ol sk

Example : (3 -4) : Prove that v2 |z| = |Re(2)| + |Im(2)]

Proof: Let z = x + yi

V2 |z| = V2x2 + y2 = \/2x2 + 2y2
(x| = lyD* =2 0 = [x|* + |y|* = 2|x]|y]
= x%+y? = 2|x]||y]
x? + y?+x?—x? + y? — y? > 2|x||y]
2x% + 2y% = x22|x]||y| + y?
2x% + 2y = (Ix| — [yD? = V2yx?2 +y% = |x| + |yl

Example : (3-4) : If |z;| = 1 or |z,| = 1 but not both then prove
that =1

Z1—2Zy

1—Z1Z2

Proof:

Z1 — 2y |Z4 —Zz|2

1— 712, |1 — 22,2

15
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Nzl = 2|zy|z2] + |25/

11— 2|z1 ||z | + |21 z,|?

Nz = 2|z||2,] + |2, )7

B , iflz| =1
1 = 2|zy||z5| + 1241|?]|2;]?
_1-2Iz|+ 1z
C1=2|z] + |z, ]2
11 1
Example : (3-5) : If |z;| = |2,| = |z3] = |_+_+_ _ 1
Zy Zz Z3
Then find the value of |z; + z, + z3|
Sol:
zi]l=1=|zP=1=z27=1=7 =—
A
|Zz|=1=>|22|2=1=>222_2=1=>z_2=—
Z2
|Z3|=1$|Z3|2=1:23Z_3=1$Z_3=—
Z3
1 1 1 -
—+—+—|=1=|73+2+ 23| =1
Z1  Zp Z3

= |z;+2z,+2z3] =1

Example : (3 -6) : Find the value of k if for the complex number
z.and z,

11 —-2; Zz|2 — |z — Zz|2 =k(1- |Z1|2)(1 - |Zz|2)

Sol: LH.S |1 =7 2|2 — |z, — 2|2

=1 -2z12)(1 — 71 ) — (21 — 23) (21 — 23)

A—212,)(A — 71 25) — (21 — 22) (71 — Z3)

16
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=1=212; — 212 + 2121 — 2325 — 7121 + Z1Z3 + 2125 — 2,7
=1+ |z|%|2;|* = |z11°~ |2, |?

=1- |Z1|2—|Zz|2(1 - |Z1|2) =(1- |Z1|2)(1 — |Zz|2)

its

center and radius .

Sol:

Letz =x+ yi
‘x+yl ‘ ‘x—2+yi_
x+yi—3 x —3+yil

\/(x—2)2+y2_2 (x —2)? + y?
\/(x—3)2+y2_ :(x—3)2+y2

x2 —4x + 4+ y? = 4x? — 24x + 36 + 4y?

3x%2 —20x + 32+ 3y?2 =0 = 3x% + 3y? — 20x + 32
=0}+3
N 20 N 32 —0
R
20 100 32 100

- — — ———=290
x> 3x+ 9 +y +3 9

( 10>2+2 9 o
¥ Ty Ty T

10> 9
(=3 et

(x—h*+ G-k =r’

17




D) Ol S an) e s AAEN A yal) AN 5 palaal) ; Bakaa g

=~ the centeris (h, k) = (? O) and the radius is%

Example : (3 -8) : show that the equation |z — 2 + i| = 3
represents a circle its center z, = 2 — i and radius 3.

Proof: Let z = x + yi

z—2+i]l=3=|(x—-2)+i(y+1)| =3

Jx =22+ (@ +1)? =3

(x—h?+@—k)?=r?
f (k) =(2,—1) =2y = 2 — i
r’°=9=r=3

Example : (3 -8) : show that the equation |z — z,| = Rrepresents
a circle its center z, and radius R can be written as .

|z|? — 2Re(zZy) + |zo|> = R? HW

18
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Complex analysis (lecture 2 )

- Proof of some properties of complex conjugate composite
preparation 4 sl sy A 38 el Jaladl gal 5 Gy (WA
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Definition : (2-1) : The complex conjugate or simply the conjugate of a
complex number z = x + yi is defined as the complex number

Z=x—Yyi

[1]1Z =2z

Proof:ifz=x+yithen Z=x—-yi = Z=x+yi=2z
[2] 1] = |z]|

Proof: ifz=x+ yithen Z=x —yi

1z] = Vx2 + (—y)2 = Jx2 +y% = |7]
[Blz, +2z, = 21 + 2,

Proof : Letz; = x; + y4i and z, = x, + y,i

zyt2z; = (g ty11) + (% +y,1)

= (%1 +x3) + (y1 +y2)u
= (%1 +x3) — (y1 +y2)i
= (%1 +y1) + (2 — y2)i
=@ =)+ Gp—yi)=21+ 7
41z, +2,= 21+ 2 H W
[5]171-2; = 71. 23

Proof : Letz; = x; + y;i and z, = x, + y,i

Z1.2; = (%3 +y11).(x2 + y,1)

= X1Xp T X1Vl + X2V1 — V1Yo

= (1% —y1¥2) + (X172 + X1 )1

= (1% = y1Y2) — (X1Y2 + x2¥1)i el Gk

Z1.Z; = (X +y11).(x2 + y,1)

= (x; —y11).(x2 = yai)
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= X1Xp — X1Vl — X217 — V1Yo
= (x1X3 — ¥1¥2) — (172 + x,91)i Ol Gk

o Zl'ZZ == Z_]_Z_Z

[e]@= 2,2,#0 HW
[7] z + Z = 2Re(2)
Proof: Letz = x + yithen Z = x — yi

Z+zZ= x+yi+x—yi=2Re(z)

[8] z—2Z = 2i Im(z) HW

[9] z.Z = |z|?
Proof: Letz = x + yithen Z = x — yi
z.Zz=(x+yi).( x—yi)

= x* +y*=|z[*

|N|

[10] - =

Proof: Letz = x + yithen Z =x — yi

]

VA

1 1 x—yi x-—yi Z Z
Z _x+yi.x—yi_x2+y2 B | z|? 77
[1] |z12,| = |z1]]2;]
Proof:
|Z122|2 = (2122).(2123) = (212,).(Z1. )
= |Z1|2-|Zz|2
o |z925| = 24|25
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|z4]
21 |2 = Al
[] Z2 |Z2 |
Proof :
“-3)2)-)@2)
) Z3 Z3 Z3 Zy
1z |2, |7
ZZ |2, |
A |4 |
Z |z, |

Triangle inequality

[1] |21 + 23| < |z1| + | 2]

[2] |21 — 23| < |z1| + |25]

[3] |21 + 23| = ||Z1| — |Zz||

[4] |21 — 23| = ||Z1| — |Zz|| (H.W)
[1] proof: |z, + z,| < |z1]| + |2,

21 + 221% = (21 + 22). (21 + 2) = (21 + 22). (2 + 73)
= 2121 + 2123 + 2371 + Z32;
= |z11* + 212, + 212; + |2,
= |z1|* + 2Re(2,2;) + |2,|°

< z1? + 21z123| + 12,17
< |z11? + 2|z 23] + |27
< 12117 + 2|z1]125] + |2, |?

< (|z1] + |2;])?

10
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[2] |21 — 25| < |z1]| + | 23]
121 — 73| = |2y + (—22)|
< |z3] + [(=22)|
< |z1]| + |z,]

[3] |z, + 2| = ||Z1| — |Zz||

||Z1| - |Zz|| < |z, + 25|
—|z1 + 73| < |z1| = |23| < |21 + 2,
1Z1] =21+ 2, — 23 | < |21 + 23| + |23
|z — |zo| < |lzg + 25]eeneennn . (1)
1Zo| = |23 + 20 — 21 | < |25 + 24| + |—24]
1Z5| — |21] < |2, + 2z,

—[lzz| = 1z11] < [z1 + 2]

11
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Complex analysis (lecture 1)

Definition of complex number — «S_all danl) iy 5

Addition and subtraction of complex numbers ¥ z g zan
A yall

Multiplying complex numbers 4 sall e qi pa

Division of complex numbers &S sall 3ac¥) daud

Proof of some Properties of complex numbers oax O

ual $ad)

A negative number inside a square root sl Jals llu e
= Al

Solving quadratic equation in C ¥ 2 4y Al c¥alaal) Ja

A yall

Proof of some properties of complex number o<l par G
4 yal) Alas Y

The scale is modules and some notes on it g2y ouiall

dale claadlal)

The equation of a circle in complex numbers (- 3 _slall ddales
4uS yal) Alas Y
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C : Agaiall daeY) b Aadie
Sums and products

Definition : (1-1) : we define complex numbers as order pairs (x ,y) of
real numbers x and y such that if z = (x, y) then x is called real part
[Re(z) = x], yis called the imaginary part [Im(z) = y]

- If x=0then z = (0, y) is called pure imaginary number .

Example (1-1) : Let z = (—8,4) then::
Re(z) = -8 ,Im(z) =4

Remark (1-1):

Vx €ER, x=(x,0)€C, RcC

Definition (1-2): Let z; = (x1,y;)and z, = (x5,y,) be two complex
numbers, then :

[11z, =z, if fx, = x; and y; =y,

[2] 21 + 25 = (X1, ¥1) + (X2, ¥2) = (X1 + Y1, %2 + ¥2)

[3] 1.2, = (%1, ¥1). (X2, ¥2) = ((x1x2 —¥1Y2), (X1y2 + y1%; ))

[4] Z1 _ (x1,¥1) _ (x2,~y2)

Z2 (x2,y2) (x2,=y2)

Proposition (1-1): Leti = (0,1) theni =+v—-1

[1] i = -1

Proof:i? =i.i = (0,1)(0,1) = (0 — 1,0+ 0) = (—-1,0) = —1
[2] Every complex number z = (x, y) can be written z = x + yi

Proof:

vzZ=x+yi
XER= (x,0)eC
YER = (y,0)
iy =(0,1)(y,0) =(0-0,0+y) =(0,)
z=(x,0)+(0,y) = (x,y)

Proposition (1-2): Let z,z,,z, and z3 be complex numbers then :

1]z, +2z, =2, + 2,
Proof:
Letz, =x; +y;i  and z, = x, + y,i

2
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zy +z; = (x; + y10) + (x2 + y50)

= (x1 +x3), (71 +y2)i = (x5 +x9), (V2 +y1)i
(X +y20) + (X1 +10) = 2, + 24

2] z,.2z, = z,. 24

[38] (z1 + 25) + 25 = 2y + (22 + 23)

[4] z(z, + z,) = zz, + 22z,

[5]z4+ 0=z, 204l and z.1 =z oal Al

[6] z = x + yi then the additive inverse
—z=—(x+yi) 3z+(—2)=0

[7] z = x + yi then the multiplicative inverse

1 1
z7l=— -3zz1=1

z=x+w

Example (1-2) : Evaluated of the following

[1] if zy = (2,1)and z, = (3,2) thenz, + 2z, =7
zy + 2z, = (5,3)
[2]ifz; = -3+ 2iand z, =4 —5i thenz, —z, =7
[3]ifz; = (1,2)and z, = (1,3) thenz,.z, =?
71.2, =(1,2).(1,3) = (1-6,3+2) = (-5,5)

[4]1fz; =—-1—-2iandz, = —-1+1i thenz,.z, =7HW

[5]ifzy =3+ 2iand z, = —1 — 2i then A =7

Z3
zy  3+21 —1+2i
z, —1-2i —1+2i

—34+6i—2i—4 —7+4i
144 B 5
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[6]ifz, =4+ 3iand z, = 2 — 2i then 2 =7HW

Z2
Remark (1-2) : v/—a = Vai
Example (1-3) : Evaluated of the following:
[1]V-16 = V16 V-1 = 4i
[2] V=100 = 10i
[3] V-13 = V13 V-1V13i
[4]V/-3 =7
Example (1-4) : solve
[1] z2+2=0
Solution: z? = -2 =z= FvV-2= F2.V-1 F2i

S ={V2i,—V2i}
[2] z2 +3iz—2=0H.W
[8]z2+2z2+3=0
z2+2z4+14+42=0
z2+2z+1=-2
(z+1)? =-2
z+1=7FV2i

Zz{—1+x/§i
—1—+2i

S={1FV2i }

Example (1-5) : Show that Im(z) = Re(z)

Solution: Letz = x + yi

saira Jlga
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Re(z)=xwcveec. ) and Im(z) =y ........ (2)
iz=ilx+yi))=ix—y=—-y+ix
~Im(z) = Re(2)

Moduli and conjugates

Definition : (1-2) : modulus of a complex number
z=x+yiis|z| =+x?+ y?
Example (1-6) : Find |z| if

[z=1+4i = |z|={J(1)2+ @)2=vV1+16=17
[21z=4-3iHW

Remarks (1-3) :

[1] For any complex number z, |z| € Rand |z| = 0

Example (1-7) : |13i| =10+ 3i| =v0+9 =3

11— 2i| =7
li|=10+i| =1

[2] |z1| < |z,| means that the point z; is closer to the origin that point z,
If z; < z, is meaningless unless both z,and z, are real >

[8] 2 — 2z, = (x1 + y10) — (x3 + y,0)
Then |Zl _— Zzl =?
Solution :

zy — Zp = (X1 + y10) — (x2 + ¥,1)

|2y — z,| = \/(x1 —X2)% + (1 — ¥2)?
[4] The equation of the circle with center z, and radiusris |z — zy| =7

Example (1-8) : [1] The equation |z — 1 + 3i| = 2

Solution: |z — (1 = 3i)| =2
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zo=1-3i=(1,-3),r=2
[2] The equation |z 4+ 2 —i| =4
Solution: |z— (2 +1i)| =4
zo=(21),r =4

Prove that :

[1] Re(2) < |Re(2)| < |z|

[2] Im(2) < |[Im(2)| < |z| HW
Proof:

z = Re(z) + Im(2)

|z| = \/[Re(z)]2 + [Im(2)]?
1z|* = [Re(2)]* + [Im(2)]?
[Re(2)]? < |z]* = |Re(2)| < |z]

~ Re(z) < |Re(2)| < |z|




