Partial Derivatives 18.2

i %
\!{r Introduction

When a function of more than one independent input variable changes in one or more of the
input variables it is important to calculate the change in the function itself. If we hold all but
one of the variables constant and find the rate of change of the function with respect to the
remaining variable, then this process is called partial differentiation.

In this section we show how to carry out the process.

A . .
\1_-.“ Pre requ ISites O understand the principle of differentiating

a function of one variable
Before starting this Section you should ...

[0 understand the concept of partial
differentiation

L3
\=} Learning Outcomes

After completing this Section you should be 0

differentiate a function partially with
able to ...

respect to each of its variables in turn
O evaluate first partial derivatives

[l carry out two successive partial
differentiations

O formulate second partial derivatives



1. Partial differentiation

The z partial derivative

For a function of a single variable, y = f(z), changing the independent variable x leads to a
corresponding change in the dependent variable y. The rate of change of y with respect to x
is given by the derivative, written j—i. A similar situation occurs with functions of more than
one variable. For clarity we shall concentrate on functions of just two variables.

In the relation z = f(x,y) the independent variables are x and y and z is the dependent variable.
We have seen in section 1 that as x and y vary the z-value traces out a surface. Now both of
the variables x and y may change simultaneously inducing a change in z. However, rather than
consider this general situation, to begin with we shall, to begin with, hold one of the independent
variables fized. This is equivalent to moving along a curve obtained by intersecting the surface
by one of the coordinate planes.

Consider f(z,y) = 2 + 22%y + y* + 22 + 1. Suppose we keep y constant and vary z; then what
is the rate of change of the function f7
Suppose we hold y at the value 3 then

f(z,3) =2 + 622 +9+22+ 1.

In effect, we now have a function of x only. If we differentiate it with respect to x we obtain the
expression:
372 + 120 + 0+ 2+ 0= 32% + 122 + 2.

We say that f has been differentiated partially with respect to x. We denote the partial derivative
of f with respect to x by % (to be read as ‘partial dee f by dee 2’ ). In this particular example,
when y = 3:

of

L =3z 4+ 122 + 2.
ox

In the same way if y is held at the value 4 then f(x,4) = 2® 4+ 82% 4+ 16 + 22 + 1 and so, for this
value of y
of

L =322 + 162 + 2.
ox

If y = ¢, a general constant then
flz,c)=2*+22%c+cF+2r+1

and partial differentiation yields the expression

g = 322 + 4ex + 2.
ox

Now if we return to the original formulation
flz,y) =2 +22%y +9* + 22+ 1

and treat y as a constant then the process of partial differentiation with respect to x gives

0
a—f = 32% + 4wy + 0+ 2 = 32° + 4oy + 2.
xr
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\‘_-.‘ Key Point
The Partial Derivative of f with respect to x
For a function of two variables z = f(z,y) the partial derivative of f with respect to = is

denoted by:
af

ox
and is obtained by differentiating f(x,y) with respect to x in the usual way but treating the
y-variable (temporarily) as if it were a constant.
Alternative notations are f,(z,y) and 2.

Example Find & for

(a) f(z,y) =2 +x+y*+y, (b) flx,y) = 2%y + xy®.
Solution
(a) &L =322 +14+0+0 (b) & =22y +1y°

The y partial derivative

For functions of two variables f(x,y) the z and y variables are on the same footing, so what
we have done for the z-variable we can do for the y-variable. We can thus imagine keeping the
x-variable fixed and determining the rate of change of f as y changes. This rate of change is
denoted by g—g.

L
\!"i‘ Key Point

The Partial Derivative of f with respect to y

For a function of two variables z = f(x,y) the partial derivative of f with respect to y is

denoted by:
of

dy

and is obtained by differentiating f(x,y) with respect to y in the usual way but treating the
x-variable (temporarily) as if it were a constant.
Alternative notations are f,(x,y) and g—z.
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Returning to f(z,y) = 23 + 222y + y* + 22 + 1 we therefore obtain:

0
8—f:()—|—2:c2><1+2y+0—|—0:2x2+2y.
Y

Example Find & for
Yy
(a) flz,y) =2 +a+y*+y
(b) flz,y) = 2*y + xy®

Solution

(a) 8 =0+0+2y+1 (b) 8L = 22 x 1+ x 3y = 2 + 3wy’

Strictly speaking, we should talk about the partial derivative of f with respect to x and the
value of % at a specific point e.g. v =1, y = —2.

Example Find f,(1,—2) and f,(—3,2) for f(z,y) = 2® + y> + 22y

Solution

fe(z,y) = 2x 4 2y, so that f.(1,-2)=2—4= -2
fy(z,y) = 3y* + 2z, so that f,(—3,2) =12—-6=6

I$.; Given f(z,y) = 32 + 2y* + xy® find f,(1,-2) and f,(—1,—-1)

~'/" First find formulae for % and g_];

Your solution

of _ of
or dy

_ fie _ e
Zfi:vg—i-/iv_m gli—i-$9_m

Now find f,(1,—-2) and f,(—1,—1)

Your solution

f2(1>_2) = fy(_la_l) =

L—=1x(1-)e+(1—)xy=>0—-"1-)Y
—=¢c)+1x9=(— 1)
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Functions of several variables

As we have seen, a function of two variables f(z,y) has two partial derivatives, 8f and 6f In an

exactly analagous way a function of three variables f(z,y,u) will have three partlal derlvatlves

gi , g—i and ai and so on for functions of more than three variables. Each partial derivative is

obtained in the same way:

L3
\'_-l'\ Key Point

The Partial Derivatives of f(z,y,u,v,w,...)

For a function of several variables z = f(x,y, u, v, w,...) the partial derivative of f with respect
to v (say) is denoted by:
of

ov

and is obtained by differentiating f(x,y,u, v, w,...) with respect to v in the usual way but
treating all the other variables (temporarily) as if they were constants.
Alternative notations are f,(x,y,u,v,w...) and %.

Your solution
of _ of _
or ou

'an—anﬁg:val—zngxzfi+0—|—0:% 0+0+ fi—f—xz_m

2. Second partial derivatives

Just as for a function of one variable two successive differentiations (with respect to x) can be
carried out and written 327’; so two successive partial differentiations of f(x,y) with respect to
x (holding y constant) is denoted by 2 = 91 (or fue(x,y)) and can be carried out using the same

principles as mentioned earlier. That is, we define

o of
927 = Oz (m)
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However, for functions of two or more variables other second-order partial derivatives can be
obtained. Most obvious is the second derivative of f(x,y) with respect to y is denoted by % 0 f

(or fyy(x,y)) which is defined as:
0F 0 (%
oy 8 y

Example Find 24 and & Shfor f(z,y) = 2" + 2% + 2° + 20 4y

Solution
O =322+ 2292 +0+2+0

%E%(ax)_6x+2y +0+4+0+0=6x+ 2y>

Similarly 3 i f = 8% <%>.

Now 8f—0+gc X 2y + 6% + 0+ 1 = 20% + 65> + 1 and 3F = 22° + 12y,

To evaluate these formulae we can make use of the alternative notation.

Example Find f,.(—1,1) and f,,(2, —2) for the function of the last example.

Solution

Jor(—1,1) =6 x (=1) +2 x (—=1)* = —4.
fuy(2,-2) =2 x (2)2 4+ 12 x (—=2) = —16

Mixed second derivatives

It is possible to carry out a partial differentiation of f with respect to x followed by a partial
differentiation with respect to y (or vice-versa). The results are examples of mixed derivatives.
We must be careful with the notation here, which is as follows:

We use % to mean ‘differentiate first with respect to y and then with respect to 2’ and we

use 8‘28 to mean ‘differentiate first with respect to x and then with respect to y’
. 0% f o (0f 0 f o (of
ie. =— = and =—(=].
Oxdy  Ox \ Oy Oydxr Oy \ Ox
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Example For f(x,y) = 2® + 22%* + ¢ find 2L

Solution

af—4x Y+ 3y%; aajgy:8xy

The final option is to differentiate first with respect to x and then with respect to y i.e. 8% (%).
For the given function
of

9 32 + day?
and
an =&
dydr v
Notice that for this function
0 f _ 0*f
Oxdy — Oydx

This equality of mixed derivatives is true for probably all functions which you are likely to meet

in your studies.
o2 )
To evaluate a mixed derivative we can use the alternative notation. To evaluate a af we write

fye(2,y) to indicate that the first differentiation is with respect to y. Slmllarly, is denoted
by fuy(z,y).

Example Find f,.(1,2) for the function f(x,y) = 23 + 22%y? + 33

Solution

fyz = 8y so  fye(1,2) =8 x1x2=16.

o Exg

|m:‘ Flnd fzz(172)7 fyy(_2v _1)’ fxy(373) for
l\\ |

—
f(z,y) = 2° + 3%y + .

Your solution

80T = (¢°9)™f ‘9z = (1—"c)" ‘0¢=%c+9=(c1)"

zofh, fipx fi ¢ T,
0 — et = 90— 75 o+ a9 = 5

fig + fi a:g_fg Ezﬁx9+zaf‘8:m
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Exercises

1. For the following functions find % and g—g

(a) flx,y)=x+2y+3

(b) f(z,y) =2*+y°

(c) fla,y) =2 +ay+y°

(d) f(z,y) = 2" + 2y’ + 22°y°
(e) flz,y,2) =2y +yz

2. For the functions of Q1 (a) to (d) find f,(1,1), f.(—1,-1), f,(1,2), f,(2,1).
3. For the functions of Q1 find

Pf  o0*f  O*f  0*f
0x?’ Oy?’ Ox0y Oydr

4. For the functions of Q1 (a) to (d) find
fmﬂ(L _3)7 fyy(_Qv _2)7 fﬂﬂy(_lv 1)

5. For the following functions find % and %

(a) f(x,t) = wsin(tz) + 22t
(b) f(x,t,z) = zat — e™
(c) f(z,t) = 3cos(t + 2?)
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(3 + 2)s00 T9— = gf:g = fﬁ;g (g + p)us z9— = % (0)
2dT] — 139 — 2 = l}’:{?@ = "’}Q:g Pl — 97 = % (q)
xg + (z9)u1s 9,2 — (17)800 17 = % = ffif 1xg + (27)500 1 + (x7)uIs = % (e) g
1 8— 0Z1 (p)
I o1— 9 (2)
0 z 4 (@ | ¥
0 0 0 (e)
(I cI_)fixJ[ (z_ cz_)ﬁfi‘[ (8 cl)x:r:‘)[
_ wgfip _ figrg . _ g _ a0
L=7e = Te -O—Z—Zg—j?(a)
zoh fipz, ( ¢ x
fimgl + fig = T = F5 ‘et +hiwg = 52 fivg] + 2gl = o (p)
. _ wefig _ figzg fig __ zze
1= Te = T .fig_}@ x9 f,? ()
_ wefip _ figre (g _ _ _ LTQ
0=7% =7e ‘Fe=0¢=re (@
zolfip _ figrg _ g o g1Q .
T =T —re=-0=Tp (®) €
8¢ 02 I 1T | (p)
G e1 4 i (2)
4 P c— z (@) | @
C i I I (e)
1Y | DY | =12 | 1'DY
_ g s xQ
rtr=qp = (o)
figry + firg = % g + i+ oy = % (p)
A, ¢ T,
Zfig—|—x:£ fi—i-zxg:ﬁ(o)
fi ¢ T,
fig =15 ‘v¢ =15 (Q)
fi ¢ z .
t=15 T=70 (®) T
SIoMSUY
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